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Abstract 

Tlie purpose of this paper is to provide a rigorous mathematical proof of the existence of 
travelling wave solutions to the Gross-Pitaevskii equation in dimensions two and three. Our 
arguments, based on minimization under constraints, yield a full branch of solutions, and 
extend earlier results (see [4, 3, 8]) where only a part of the branch was built. In dimension 
three, we also show that there are no travelling wave solutions of small energy. 

1 Introduction 

1.1 Statement of the results 



■ hi this paper, we investigate the existence of travelling waves to the Gross-Pitaevskii equation 

-4— > . 

^5*^- = A^'-h^'(l- onM^ xM, (GP) 



in dimensions N = 2 and = 3. Travelling waves are solutions to (GP) of the form 

^{x, t) = u{xi - ct, x±), x± = {X2, . . . , xn)- 



(N 
> 
00 

o . 

. Here, the parameter c G M corresponds to the speed of the travelling waves (we may restrict to 

I the case c > using complex conjugation). The equation for the profile u is given by 



icdiu + Au + u{l - lul"^) = 0. (TWc) 



The Gross-Pitaevskii equation appears as a relevant model in various areas of physics: non- 
linear optics, fluid mechanics, Bose-Einstein condensation... (see for instance [38, 25, 29, 31, 30, 
^ . 5, 2]). At least on a formal level, the Gross-Pitaevskii equation is hamiltonian. The conserved 

Hamiltonian is a Ginzburg-Landau energy, namely 



2 Jrn 4 Jrjv J^n 

Similarly, the momentum 

2 Jrn 

is formally conserved. Here, the notation ( , ) stands for the canonical scalar product of the 
complex plane C identified to M?, i.e. 

{zi,Z2) = Re(2;i)Re(z2) + Im(2;i)Im(2;2) = Re{Y[z2)- 
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We will denote by p, the first component of P, which is hence a scalar. 
If ^ does not vanish, one may write 

^ = ^expi$, 

which leads to the hydrodynamic form of the equation 

J dtp + dw{pv) = 0, 

I pidtv + v.Vv) + Vp2 = pv - ^) , ^^-^^ 

where 

V = -2V^>. 

If one neglects the r.h.s of the second equation, which is often referred to as the quantum 
pressure, the system (1.1) is similar to the Euler equation for a compressible fluid, with pressure 
law p{p) = p^. In particular, the speed of sound waves near the constant solution n = 1 is given 
by 

Cs = V2. 

Travelling waves of finite energy play an important role in the dynamics of the Gross- 
Pitaevskii equation. They were considered by lordanskii and Smirnov [29] in dimension three. 
They were thoroughly analyzed by Jones, Putterman and Roberts [31, 30] both on a formal 
and numerical point of view, in dimensions two and three. For the two-dimensional case, they 
found a branch of solutions with speeds c covering the full subsonic range (0,\/2), and they 
conjectured the non-existence of travelling waves for supersonic speeds. 

The program developed by Jones, Putterman and Roberts was approached more recently on 
a rigorous mathematical level. The non-existence of supersonic travelling waves was established 
in [19], and in [21] for the sonic case that is c = in dimension two (existence or non-existence 
of sonic travelling waves in dimension three remains still open). Therefore, we may assume 
throughout this paper that 

< c < if iV = 2, and < c < \/2 if iV = 3. 

The existence problem in dimensions two and three is the main focus of this paper: only part 
of the formal results provided in the physical literature has been established with rigorous 
mathematical proofs. It is a classical observation that one may obtain travelling waves by 
minimizing the energy E keeping the momentum p fixed. In this approach, equation (TWc) is 
the Euler-Lagrange equation to this constrained minimization problem. The speed c appears as 
a Lagrange multiplier, and therefore is not fixed a priori. However an important advantage of 
this point of view is that it allows to address in a satisfactory way the question of stability. It 
was already used in [3], and will be followed here again. For a given p > 0, we consider therefore 
the minimization problem 

E„,in(p) = mi{E{v),v e W{W''),p{v) = p}, (1.2) 

where W{W^) represents a functional space adapted to the problem. The choice of P^(M^) has 
to fulfill two requirements. First, we wish the functionals E and p to be continuous on W{U.^). 
Second, all finite energy subsonic solutions to (TWc) have to belong to WiM.^). Properties of 
solutions of (TWc) have been studied recently extensively, in particular in [18, 20, 22, 23]. It is 
proved that any finite energy solution u to (TWc) has a limit at infinity, which is a number of 
modulus one, which in view of the symmetry by rotation, we may take, without loss of generality. 
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to be equal to 1. The decay properties of solutions are summed up in Proposition 2.1. In view 
of these properties, we introduce the space 

V{R^) = {v:R^ ^C, s.t. (Vt;,Re(w)) G L\R^f,Im{v) G L^(M^) and VRe(t;) G lI{R^)}, 

(1.3) 

and 

W^(M^) = {1} + y(M^). (1.4) 

It can be checked that the quantity {idiv, v — 1) is integrable for a function v G VF(M^), so that 
the so-called scalar momentum p{v) is well-defined. This is a consequence of the identity 

{idiv,v- 1) = di{Re{v))lm{v) - (9i(Im(v))(Re(t;) - 1), (1.5) 

and various Holder's inequalities. Moreover, VK(M^) has the announced desired properties (see 
Corollary 2.2 and Lemma 3.1). 

Remark 1. If one may lift a map v G W{R^) as v = ^exp iip, then it can be shown under some 
suitable integrability assumptions (see Subsections 2.2 and 2.3), that 

Piv) = \ I {idiv ,v-l) = 1- I rjdup, (1.6) 
where, throughout the paper, we set 

7? = 1 - 

Notice that for maps which may be lifted, with > ^, the last integral makes sense, even if we 
assume that v only belongs to the energy space 

8{R^) = {v:R^ ^C, s.t. E{v) < +oo]. 

Hence the last integral in (1.6) provides another definition for the momentum, which holds for 
maps which may be lifted, and which we use in most of this paper. 

In dimension two, our main existence theorem is the following. 

Theorem 1. Let p > 0. There exists a non-constant finite energy solution Up G VF(IR^) to 
equation (TWc), with c = c{up), such that 

= \ I {idiup,up - 1) = p, 
2 Jm? 

and such that Up is solution to the minimization problem 

E{up) = S,nm(p) = ini{E{v),v G W{R^),p{v) = p}. 

Remark 2. In [4], existence of solutions is obtained for small prescribed speeds c. Instead of 
using minimization under constraint, the idea there is to introduce, for given c, the Lagrangian 

Fc{v) = E{v) - cp{v), 

whose critical points are solutions to (TWc), and then to apply a mountain-pass argument. 
Although it is likely that the solutions obtained in [4] correspond to the solutions obtained in 
Theorem 1 for large p, we have no proof of this fact. 

Remark 3. Theorem 1 shows in particular that there exist travelling wave solutions of arbitrary 
small energy. This suggests that scattering in the energy space is not likely to hold. 
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In dimension three, the existence result is somewhat different. 

Theorem 2. Assume N = 3. There exists some constant po > such that: 
i) For < p < po, 

^,^in(p) = mi{E{v),ve W{M:^),p{v) =p} = V2p, 
and the infimum is not achieved in W{M.^). 

a) Forp > Po, there exists a non- constant finite energy solution Up G VF(]R'^) to equation (TWc), 
with c = c{up), such that p{up) = p, E{upg) = -Emin(po) = V^Po and, for p > po, 

E{up) = = inf{^(z;),^; G W{W^),p{v) = p} < V2p. (1.7) 

Hi) There exists some positive constant £q < V2po, such that there are no non-trivial finite 
energy solutions v to equation (TWc) satisfying 

E{v) < £o. 

iv) We have 

sup{c(ttp),p > Po} < V2. (1.8) 

Remark 4. In [3], the existence of Up was already established, but only for large values of the 
prescribed momentum p. The solutions obtained there are the same as the one provided by 
Theorem 2. In [8], existence of non-trivial finite energy solutions to (TWc) was established for 
prescribed small speeds c, using a mountain-pass argument. As for the two-dimensional case, it 
is likely, but unknown, that the solutions obtained in [8] correspond to the solutions obtained 
in Theorem 1 for large p. 

Remark 5. In contrast with the two-dimensional case, statement iii) in Theorem 2 shows that 
there are no small energy travelling wave solutions in dimension three (see Lemma 2.14 in 
Subsection 2.8 for the proof of this statement). This opens the door to a small energy scattering 
theory. Such a theory has been developed in dimension > 4 by Gustafson, Nakanishi and Tsai 
in [27] (see also [28, 37]). Very recently those authors have succeeded to present a scattering 
theory in dimension three (see [26]). 

Besides the existence of minimizers, our analysis yields also properties of the curve -Emin as 
well as of the speed c{up). First we prove that in both dimensions, -Bmin is a Lipschitz, non- 
decreasing and concave curve, which lies below the curve p i— > \/2p, and tends to +oo as p ^ +oo 
(see Theorem 4 below). In particular, the function -Bmin is differentiable except possibly for a 
countable set of values: its derivative, at the points of differentiability is then given by the speed 
c{up), which satisfies for any p > 0, 

< c{up) < V2. 

It remains an open problem to determine whether the curve -Emin is differentiable or not. This 
question is related to the problem of uniqueness up to symmetries for the minimizer Up, which 
is completely open as well. As a matter of fact, uniqueness for any p > of the minimizer 
would lead to the differentiability of the full curve, which in turn would provide a full interval of 
speeds. In dimension two, the spectrum of speeds would then be the interval (0, \/2)- Although 
we did not work out here a proof, we believe that our compactness result would show that, if 
at some point -Emin were not differentiable, then there are at least two different minimizers with 
different speeds. In that case, the function p i-^ c(iip) is not single valued. However, we can 
prove that it is a decreasing (possibly multivalued) function. 
In dimension two, the function -Emin has the following graph: 
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Notice that as a consequence of Theorem 2, £'(upp) = V^po, and that, in view of (1.8), the 
slope of the curve .Emin at the point (po, V^po) is strictly less than \/2. 

Our results are in full agreement with the corresponding figure given in [31]. In dimension 
three, the numerical value found in [31] for po is close to 80. Jones and Roberts have also shown 
in [31], mainly by numerical means, that in dimension three, the branch of solutions Up can 
be extended past the curve E = V2p. This curve is represented in the E-p diagram above as 
the curve E^p. Starting from the point (po, \/2po), the curve E^p goes down to the left staying 
above the curve E = -E'min(p) = V^p, until it reaches the bifurcation point (p5,£'f,). After this 
bifurcation point, the curve £'up goes up to the right, and is asymptotic from above to the curve 
E = \/2p, as p — > +00. We believe that the presence of the bifurcation point (p;,, Ef,) is due to 
the choice of our representation, and that the curve p i— > itp is actually differentiable. 

At this stage, there is no mathematical proof of the existence of the upper branch of solutions. 
The fact that the slope of the curve at the point (po, \/2po) is strictly less than \/2 leaves some 
hope to use an implicit function theorem to construct the curve £^up) at least near (po, ^/2po). 

One important point which we have not addressed in this paper is the appearance of vortices 
(that is zeroes of solutions). It is known that in dimension two, solutions have two vortices for 
large p (see [4]), whereas there are vortex rings in dimension three for large p (see [3, 8]). Jones, 
Putterman and Roberts conjectured in [31] the existence of some momentum pi such that Up 
has vortices for p > pi, and has no vortex otherwise. The numerical value found in [31] for pi 
is close to 75. 

The next step in the analysis is to describe some properties of the solutions we obtained in 
Theorems 1 and 2. 

Theorem 3. Let N = 2 or N = 3, p > and assume that £'inm(p) is achieved by Up. Then Up 
is real- analytic on M^, and is, up to a translation, axisymmetric. More precisely, there exists a 
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function Up : M x such that 

Up(x) = Up{xi, \x±\), Vx = {xi,x±) e M^. 

In another direction, the hmit p — > +00 has aheady been discussed in [4, 3, 8], and the analogy 
with solution of the incompressible Euler equations in fluid dynamics, stressed. In dimension 
two, we wish to initiate here the rigorous mathematical study of the other end of the -Emin curve, 
namely the asymptotic properties in the limit p — > 0, for which many interesting results have 
been derived in the physical literature. 

In [31, 30], it is formally shown that, if Uc is a solution to (TWc) in dimension two, then, 
after a suitable rescaling, the function 1 — |ticp converges, as the speed c converges to \/2, to 
a solitary wave solution to the two-dimensional Kadomtsev-Petviashvili equation (KP I), which 
writes 

dtu + udiu + dfu- d^^id^u) = 0. (KP I) 

As (GP), equation (KP I) is hamiltonian, with Hamiltonian given by 

EKP{u) = \f {d,uf + \f {d^\d2u)f-\f u\ (1.9) 

and the L^-norm of u is conserved as well. Solitary-wave solutions u{x,t) = w{xi — at,X2) 
may be obtained in dimension two minimizing the Hamiltonian, keeping the L^-norm fixed (see 
[9, 10]). The equation for the profile w of a solitary wave of speed u = 1 is given by 

diw - wdiw - d'fw + d:[\d^w) = 0. (1.10) 

In contrast with the Gross-Pitaevskii equation, the range of speeds is the positive axis. Indeed, 
for any given cj > 0, a solitary wave of speed a is deduced from a solution w to (1.10) by the 
scaling 

Wa{xi,X2) = aw{^/axl,ax2). 



The correspondence between the two equations is given as follows. Setting e = \J2 — (? and 
Tjc = I — |iicP) and performing the change of variables 

Wc{x) = -^rjcl^Y^-^^^)^ (1-11) 
it is shown that w approximatively solves (1.10) as c converges to V2. Set 

S{v) = Ekp{v) + 



We will term ground-state a solution w to (1.10) which minimizes the action S among all the 
solutions to (1.10) (see [11] for more details). In dimension two, it is shown in [9] that w is 
a ground state if and only if it minimizes the Hamiltonian keeping the L^-norm fixed. The 
constant Skp denotes the action S{w) of the ground-state solutions w to equation (1.10). In 
the asymptotic limit p — > 0, the value £'min(p) relates to the constant Skp as the next result 
shows. 

Proposition 1. Assume N = 2. 

i) There exist some constants pi > 0, Kq and Ki such that we have the asymptotic behaviours 

^^p3 - i^op' < V2p - ^^in(p) < KlP^ VO < p < Pi. (1.12) 
^KP 
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ii) Let Up be as in Theorem 1. Then, there exist some constants p2 > 0, K2 > and K-^ such 
that 

K2p^ < V2-c{up) < i^3p^V0 < p < p2. (1.13) 

Moreover, the map Up verifies \up\ > ^, so that we may write Up = Qpexpiipp, and we have the 
estimates 



[ (\ygp\^ + \d2Up\^)+ [ (1-^2)1^^^ 

Jr2 ^ ^ 7182 



< Kp^, (1.14) 



am 



\up(0)\ = mill |up(x)| < 1 - Kp"^, (1.15) 
where K is some universal constant. 

In a separate paper, we will provide a rigorous proof of the asymptotic expansion given in 
[29, 30], under specific assumptions on the solutions Up: these assumptions are in particular 
verified by the solutions constructed in Theorem 1, thanks in particular to estimates (1.14). 

Remark 6. If Uc is a solution to (TWc) in dimension three, then it is also formally shown in 
[29, 31, 30], that the function Wc defined by 



Wc{x) = ^( 1 



V, 



converges, as the speed c converges to \/2, to a solitary wave solution w to the three-dimensional 
Kadomtsev-Petviashvili equation (KP I), which writes 

dtu + udiu + dfu - d^^id^u + d^u) = 0. 

In particular, the equation for the solitary wave w is now written as 

diw — wdiw — dfw + d^^{d2W + d^w) = 0. 

Remark 7. For N = 2 and = 3, the Cauchy problem for (GP) is known to be well-posed 
in the energy space i5(]R^) (see [15, 16]), as well as in the space {v} + H^{R^), where IS a 
finite energy solution to (TWc) (see [14], and also [4, 17, 27]). An important advantage of the 
space {v} + H^{M.^), besides the fact that it is affine, is that the momentum is well-defined 
(in contrast as mentioned above with the energy space). Moreover, it can be shown that the 
momentum, defined by (1.5) in the three-dimensional case, and after an integration by parts, by 

p{v) = - [ di{lm{v)){Re{v) - 1), 

in the two-dimensional case, is a conserved quantity. In particular, the fact that Up solves the 
minimization problem (1.2) strongly suggests that Up is orbitally stable. A rigorous proof of 
the orbital stability of Up would require, in addition to solving the Cauchy problem, to obtain 
compactness properties for minimizing sequences for (1.2). We will not tackle this problem here. 

1.2 Some elements in the proofs 

The starting point of our proofs is a careful analysis of the curve p ^ Eminip)- 
Theorem 4. Let N = 2 or N = 3. For any p, q > 0, we have the inequality 

l^mm(p) - ^min(q)| < V2\p - q], (1.16) 
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i.e. the real-valued function p i— > -Bmm(p) is Lipschitz, with Lipschitz's constant ^/2. Moreover, 
it is concave and non- decreasing on IR+. Set 

H(p) = V2p- E^M. (1.17) 

The function p "(p) is nonnegative, convex, continuous, non- decreasing on IR+, and tends to 
+00 as p ^ +00. In particular, there exists some number po > such that H(p) =0, if p < po, 
and S(p) > 0, otherwise. 

An important consequence of the concavity of the function -E'min(p) is the fohowing 

Corollary 1. The function -Emin is subadditive that is, for any non-negative numbers pi, . . . ,p£, 
we have 

I i 

i=l i=l 

Moreover, if i > 2 and (1-18) is an equality, then the function i^rnin is linear on (0,p), where 

I 

p = Ep»- 

j=i 

Proof. Since £"111111(0) = 0, and since £min is concave, its graph hes above the segment joining 
(0,0) and (p, £'min(p))- In particular, for any < q < p, we have 

-C/mm(qj > q • 

p 

Specifying this relation for pj, and adding these inequalities, we obtain (1.18). If (1.18) is an 
equality, then necessarily £'min(pi) = Pi^^^^y^, and the graph has to be linear. □ 

Since the function i?min is Lipschitz, non-decreasing and concave, its left and right derivatives 
exist for any p > 0, are equal except possibly on a countable subset Q of M4., are non-negative 
and non-increasing, and satisfy the inequality 

< ^(£min(p)) < ^{EmM) < ^2, 

where we have set 

dp ^ ^ Ap^o+ ±Ap 

Moreover, the derivatives are related to the speed c{up) as follows. 

Lemma 1. Let p > and assume that £'inin(p) is achieved by a solution Up of (TWc) of speed 
c(up). Then we have 

^ (£min(p)) < C(np) < ^ (£inin(p)) • (1-19) 

Strict concavity also plays an important role in our argument. In that direction, we have 

Lemma 2. Let < pi < p2 and assume the function -Bmin is cffine on (pi,p2). Then, for any 
pi < p < p2, the infimum i?min(p) is not achieved in W{^.^). 

So far, we have not addressed the existence problem for Up. Notice that as a direct consequence 
of (1.16), one has 

£min(p) < V2p. (1.20) 
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Inequality (1-20) corresponds in some sense to a linearization of the equation, or alternatively 
to an asymptotic situation where only quadratic terms in the functional are kept. To get some 
feeling for its proof, we consider a map v G {1} + C^(M^) such that 

S = inf > J, 

so that we may write v = gexpiip. To obtain (1.20) we need to construct v so that E{v) ~ 
\/2|p(t')|. In view of formula (1.6) for the momentum, we have 



1 

< — 
- 26 



1-0' 



(1.21) 



Using the inequality ab < ^{a + b ), we observe therefore that 



1 



1-p' 



< 



V26 



Eiv), 



i.e. y/26\p{v)\ < E{v). To obtain a map such that E{v) ~ \/2|p(v)|, we need therefore to have 
5 close to 1, and the inequality ab < ^(a^ + b"^) close to an equality, that is a ~ 6 or in our case 

V2dnp ^ 1 — q"^. 

This elementary observation is the starting point in the proof of the existence of solutions 
minimizing £^mm) in the case H(p) > 0, that is for p > po- As a matter of fact, the discrepancy 
term 

S(t;) = V2p{v) - E{v) 
is central in our analysis. Notice in particular, that 

H(p) = sup{S(z;), V G l^(M^), p{v) = p}, 

and that, in view of Theorem 4, a way to formulate the fact that po < p is to say that there 
exists a map v G W^(M^) such that 

T,{v) > 0, and p{v) = p. 

In this situation, we have 

Lemma 3. Let v G W{R^) and assume p{v) > 0. Then we have 



Proof. Set as above 



inf \v(x)\ < max ■! — , 1 J' ^ 



S = inf |f(x)|. 



(1.22) 



If (5 < ^, there is nothing to prove. Otherwise, one may show that v has a lifting, i.e. that we 
may write v = gexpiip. It follows therefore from (1.21) that 



and hence 



V26p{v) = V26\p{v)\ < E{v) = V2p{v) - S(w), 
l-5>- ^ ' 

which yields the conclusion. 



V2p{i 



□ 
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Lemma 3 is the starting point in the analysis of minimizing sequences for (1.2). In particular, 
it shows that their modulus cannot converge uniformly to 1 in the case po < p. However, to go 
beyond that simple observation, one needs to get a better control on minimizing sequences. 

Among the analytical difficulties which have already been stressed in [4, 3, 8], the first one is 
presumably the lack of compactness of minimizing sequences or Palais-Smale sequences. Working 
directly with arbitrary Palais-Smale sequences, i.e. approximate solutions to (TWc) with an 
additional small i/~^-term leads to substantial technical issues, which seem hard to remove. 
The lack of regularity of the i7~^-term raises some major problems, for instance concerning 
regularity of the functions under hand, as well as Pohozaev's type identities which turn out to 
be crucial in our arguments, in particular in order to bound the Lagrange multiplier ^. 

To overcome the difficulties related to a direct approach, we specify the way minimizing 
sequences are constructed. There are presumably many ways to proceed. Here, we consider 
the corresponding minimization problem on expanding tori (as in [3]). This choice has several 
advantages. First, the torus is compact, so that the existence of minimizers presents no major 
difficulty. Second, it has no boundary, so that the elliptic theory is essentially the local one and 
concentration near the boundary is avoided. The torus captures also some of the translation 
invariance for the problem on M^. Finally, Pohozaev's identities yield comfortable bounds for 
the Lagrange multipliers, which provide a uniform control on the ellipticity of (TWc). Our 
strategy to obtain compactness for the sequence of approximate minimizers is then to develop 
the elliptic theory for the equation on tori, derive several estimates which do not rely on the size 
of the torus, and then to pass to the limit when the size of the torus tends to infinity. 

More precisely, we introduce the flat torus, for N = 2 and = 3, defined by 

for any n € N* (with opposite faces identified), and the space 

of 2?7--periodic iif'^-functions. We define the energy En and the momentum p„ on by 
En{v) = \ [ Nv\' + \[ {l-\v\'f= [ e{v), 

2 JjN 4 JjN JjN 

and ^ 

Pniv) = - {idiv,v), 

2 JjN 

which clearly defines a quadratic functional on X^ , as well as the discrepancy term S„(t;) = 
V^Pn{v) — En{v). We introduce the set F^ (p) defined in dimension three by F^(p) = {n G 
X^,p„(n) = p}, whereas in dimension two, its definition is slightly more involved, and is given 

by 

Tl{^) = {uexlpn{u) = v]r\sl 

The set corresponds to a topological sector of the energy En, following the approach of 
Almeida [1]. We will define it precisely in definition (4.14) of Subsection 4.2: at this stage, let 
us just mention that we introduce the set 5^ to have appropriate lifting properties far from the 
possibly vorticity set. We consider the minimization problem 



El,,M^ inf £;„(n) . {V^ {x>)) 

«Gr;v(p)V J 

The constraint is non void, so that it is possible to prove the existence of a minimizer for ('P^(p)). 



^This direct approach would have the important advantage to pave the way to the study of the orbital stability 
of the traveUing waves. 
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Proposition 2. Assume N = 3, or N = 2 and n > n(p), where n(p) is some integer only 
depending on E^\^{p). Then, there exists a minimizer Up G r^(p) for £'J^j^(p), and some 
constant Cp £ M such that Up satisfies (TWCp), i.e. 

ic^ai«^ + An;; + u'^il - \u'^\'^) = O on T^. 
In particular, Up is smooth. Moreover if 

H(p) > 0, 

then there exist a constant K{)js), and an integer n(p), only depending on p such that 

K\ < K{P). (1.23) 

for any n > n(p). In particular, for any A; G N, there exists some constant i^fc(p) only depending 
on p and k such that we have 

HWcHf^) ^ ^kip). (1.24) 

The last estimate in Proposition 2 is a simple consequence of bound (1.23) on Cp , combined 
with standard elliptic estimates. 

In view of the invariance by translation of the problem {V^ (p)) on the torus T^, we may 
assume without loss of generality that the infimum of \up \ is achieved at the point 0, that is 

K(0)| = min |<(x)|. (1.25) 

On the other hand, the argument of the proof of Lemma 3 carries over for continuous maps 
V £ n 5^, resp. v G X^, for n sufficiently large, so that 

min |t;(x)| < sup|-,l - ^"^^^ }, (1.26) 

\i Pn{v) > 0, and n is sufficiently large. Indeed, it follows from Lemma 4.4, resp. Lemma 4.2, 
that continuous maps v S X^nS^, resp. v G X^, such that \v\ > ^ on T^, have a lifting on T^, 
so that the argument of the proof of Lemma 3 applies without any change. Combining (1.25) 
and (1.26), we are led to 



hmsup(|n^(0)|) <sup{i,l-^}. 



If H(p) > 0, then we may use Ascoli's and Rellich's compactness theorems to assert 

Proposition 3. Let N = 2 or = 3, p > 0, and assume that 

H(p) > 0. (1.27) 

Then, there exists a non-trivial finite energy solution Up to (TWc) such that, passing possible to 
a subsequence, we have 

Up in C''{K), (1.28) 



u 



^ n— >+oo 



for any A; G N, and any compact set K in .Moreover, we have 

E{Up) < £;mm(p), 

and 

MO)|<sup{l,l-=|}<L 
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Notice that, provided one is able to verify condition (1.27), Proposition 3 already provides 
the existence of non-trivial travelling wave solutions. To go further and establish the statements 
of Theorems 1 and 2, one needs to pass to the limit in the integral quantities E and p, the main 
difficulty being that the domain is not bounded, and therefore we have only weak convergences in 
L^. The possible failure of convergence is described in the next proposition, which is a classical 
concentration-compactness result . 

Proposition 4. Let N = 2 or N = 3, p > 0, and assume (1.27) is satisfied. Let tip and Up he 

as in Proposition 3. Then, there exists an integer Iq depending only on p, and I points x" = 0, 
. . x" depending on n, i finite energy solutions ui = Up, . . ., ug to (TWc), and a subsequence 
of (ttp)neN* still denoted (ttp)nGN* such that £ < Iq, 

\xi-xj\^+oo, as n ^ -hoo, (1.29) 

for any i ^ j, and 

Up{- + x"^) Ui{-) in C''{K), as n ^ +oo, (1.30) 
for any compact set K C and any A; E N. Moreover, we have the identities 

-E^min(p) = ^^E{ui), and p = ^p{ui). 

The maps Ui are minimizers for E^i^{pi), where pi = p{ui), and 

< c(np) < \/2. 
Combining Corollary 1, Lemma 2 and Proposition 4 we obtain 

Theorem 5. Assume N = 2 or N = 3. If p > po, where po > is defined in Theorem 4, then 
-E'min(p) is achieved by the map Up G M^(M^) constructed in Proposition 3. 

Theorems 1 and 2 are then deduced from Theorem 5 and various aspects of the analysis 
presented above. We will show in particular, thanks to Proposition 1, that po = in dimension 
two, whereas po > in dimension three. This fact accounts for a large part for the differences 
in the statements of Theorems 1 and 2. 

1.3 Outline of the paper 

The paper is organized as follows. In the next section, we present some known and also some 
new properties of finite energy travelling wave solutions. In Section 3, we provide properties 
of E'mim in particular, we prove Theorems 3 and 4. In Section 4, we study solutions on tori, 
whereas in Section 5, we study their asymptotic properties on expanding tori. In particular, we 
prove the concentration-compactness result. In Section 6, we consider the minimization problem 
on tori, and we provide the asymptotic limits of the energy and momentum on expanding tori. 
In Section 7, we finally complete the proofs of Theorems 1, 2 and 5. 

2 Properties of finite energy solutions on 

In this section, we recall some known facts about finite energy solutions to (TWc) on M^, and 
supplement them with some results which enter in our analysis. 
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2.1 Pointwise estimates 

The following results were proved in [13] (see also [40]). 

Lemma 2.1 ([13, 40]). Let v be a finite energy solution to (TWc) on M^. Then, v is a smooth, 
bounded function on M^. Moreover, there exist some constants K{N) and K{c,k,N) such that 



1 - V 



< max 



(2.1) 



g2 3 

Vv\\lo.,^n)<K{N)(1 + -Y, (2.2) 



4 

and more generally, 

\\v\\ck(RN) < K{c, k, N),yke N. (2.3) 



Proof. In view of [13, 40] (see also [4, 20]), a finite energy solution v to equation (TWc) is a 
smooth, bounded function on R^, such that 



\v{x)\ 1, as \x\ +00. (2-4) 

In particular, we have 

II^IIl°°(r^) > 1- 

In order to prove inequalities (2.1), (2.2) and (2.3), we compute the laplacian of [u]'^. By the 
inequality ab < ^(a^ + &^), we have 

A\v\^ = 2{v ,Av) + 2\Vv\'^ =2\Vv\'^ - 2c{idiv ,v) - 2\v\'^{l - Jt-J^) 

>2\Vv\'^ - 2\div\'^ - — l^l^ - 2li;l2(l - \v\'^), 



so that 

A\v\^ + 2\v\^i^l + J - jt'l^j > 0. (2.5) 

When 11^ llioo(iRiV) > 1, it follows from (2.4) and (2.5) that we can apply the weak maximum 
principle to \v\'^ to obtain 



bl'<l + j- (2.6) 

When IJt'llioo^jjiv-) = 1, inequality (2.6) is straightforward, so that it holds in any case. In 
particular, the function 1 — Jw] satisfies 



,2 



.2 

l-\v" 



< maxjl, Y 1 + J - l| < maxjl, ||, 



so that inequality (2.1) is established. 

We turn to (2.2). Consider the function w defined by 

u;(x) = t;(x)exp (^i|xi),Vx G R^. (2.7) 

By equation (TWc), w satisfies 

Aw + w(l + ^ - Iwl^'^ = 0. 
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Letting xq G M^, and denoting B{xq, 1) = {y G M^, s.t. \y — xq\ < 1}, the ball with center xq 
and radius 1, it holds from inequality (2.6) that 

\\Awh^^si.o,i))<^{^ + jf- (2-8) 
By standard elliptic theory, there exists some constant K{N) such that 

\Vw{xo)\ < K{N)(^\\Aw\\L^^Bixo,l)) + lkllL°°(B(xo,l)))' 

so that, by inequalities (2.6) and (2.8), and definition (2.7), 

\Vw{xo)\<2K{N)(l + ^y 
Hence, by definition (2.7) once more, 

2 3 

\Vv{xo)\ < \Vw{xo)\ + ^\v{xo)\ < {2K{N) + l)(l + ^y\ 

which gives inequality (2.2). Finally, one invokes standard estimates for the laplacian to prove 
(2.3). □ 

Lemma 2.2 ([40]). Let r > 0, and assume that v is a finite energy solution to (TWc) on M^. 
There exists some constant K{N) such that for any xq G M^, 



1 - \v\ 



( / c^\2 1 K(N) 1-1 

<max{K(iV) 1 + - E{v,B{xo,r))^+^,^j^E{v,Bixo,r))H, (2.9) 



where E{v,B{xo,r)) = /^(^g^^) e(?;). 

Proof. Let rj = 1 — l^ip. By Lemma 2.1, the function 7] is smooth on M^, and satisfies 

l|Vr/||ioo(iRiV) < 2||Wu||ioo(]KiV) < K{N)\1 + — 



Let X be some point in B{xq, |) such that 

|?7(x)| = sup \ri{y)\. 

y&B{xo,^) 

We compute 

\v{y)\ > \7l{x)\-K{N)(l + j) \y-x\, 
so that _ 

Wy)\ > 

for any point y G B(x,fj,) where /x = — _ Therefore, we are led to 



E{v,B{xo,r)) / ri{xfdy 



: mm ■ 



_B(a;,min{/i,|}) 

r |7?(x)r+2|5(^^^i)| \r^{x)\\''\B{xo,l)\ 



}■ 



(2.10) 



In conclusion, 

l|i - I'^IIIl°°(b(x'o,i)) - II^IIl°°(b(xo,i)) = 

so that inequality (2.9) follows from inequality (2.10). □ 
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If we next consider the class of functions 

A(M^) = |u G C^(R^),E{v) < +00 and 3R{v) > s.t. \v{x)\ > ^,V|x| > 
a rather direct consequence of Lemma 2.2 is 

Corollary 2.1. Let v be a finite energy solution to (TWc) on M^. Then v belongs to A(IR^). 
Proof. Indeed, the energy of v being finite, there exists some radius R{v) > 1 so that 

E{v,B{xo,l))< [ e{v)<- -^^y\xo\>R{v), 

jR^\Bi0Mv)-i) ^2K{N){1 + ^)^) 

where K{N) is the constant in inequahty (2.9). Hence, v belongs to A(M^) in view of (2.9). □ 

2.2 Alternate definitions of the momentum 

If f G A(M^), we may write, for |x| > R{v), 

V = gex.p iif, (2-11) 

where (/? is a real function on M.^ \ B{0, R{v)) defined modulo a multiple of 27r. Notice that, if 
V may be written as in (2.11), then we have 



djV = ^igdjif + djg^ expicp, 



so that 



{id,v,v) = -g'di^, and e{v) = Q? + Q'\yv?) +\{^ ' ^')'- (2-12) 
In this context, the next elementary observation will be used in several places of our work. 

Lemma 2.3. Let g and 93 be scalar functions on a domain U in M^, such that g is positive. 
Set V = gexpiip. Then, we have the pointwise bound 



(g^ - l)di^ 



< — eiv). 
B 



Proof. Notice that we have by (2.12), 



e{v) = \{\Vq\' + g'W^I') + q'Y > \{9'\dM' + \ii - e'f 

The conclusion then follows from the inequality ab < i(a^ + 6^) applied to a = -^(^j^ — 1) and 
b = gdiip. □ 

The previous observations lead as in [3, 20] to an alternate definition of the momentum on 
the space A(M^). For that purpose, consider the function 

g{v) = {idiv, v) +di{{l- x)v) , 

where v = gexjpiip on \ B{0, R{v)), and x is an arbitrary smooth function with compact 
support such that x = 1 on B{0, R{v)) and < x !^ 1- It follows from (2.12) that 
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Lemma 2.4. If v belongs to A(M^), then g{v) belongs to L^(M^). Moreover the integral 
Piv) = \ I 9{v) = \ I ({idiv, v) + di ((1 - x)f)) 

does not depend on the choice of x- 

Proof. As a consequence of (2.12), we verify that 

g{v) = (1 - Q^)dnp, on \ supp(x), 
so that in particular, it follows from Lemma 2.3 that 

\g{v)\ < 2V2e{ v) onR \ supp(x), 

and hence, since v is smooth on M^, and its energy is bounded, the function g{v) is integrable 
on M^. The last assertion is a direct consequence of the integration by parts formula. □ 

2.3 Decay at infinity 

We will use in several places decay properties of solutions which have been established in [18, 
20, 21]. They play, among other things, a central role in our concentration-compactness results. 

Proposition 2.1 ([18, 20, 21]). Let v be a finite energy solution to (TWc). 

i) There exists a constant Voo, such that \voo\ = 1 and 

v{x) — > Voo, as |x| oo. 
Without loss of generality, we may assume Voo = 1- 

ii) Assume c{v) < \/2- Then, there exists some constant K > depending only on c{v), E{v) 
and the dimension N , such that the following estimates hold for any x G M^, 



K ,„ K 



|Im(t;(x))| < Y^^^, |Re(^(x))-l| < ^^|^|;v' 
|VIm(^(x))| < |VRe(^(x))| < 3—^. 



(2.13) 



Hi) Assume N = 3 and c{v) = V2. Then, Re(t') — 1 and VIm(t;) belong to L^iM.^), for any 
p > |, VRe(f) belongs to ^^(M'^), for any p > j, whereas lm.{v) belongs to LP(M.^), for any 

P>T- 

A first consequence is 

Corollary 2.2. Let v be a finite energy solution to (TWc), and assume Voo = 1. Then v belongs 
to W( 



Proof. In view of definitions (1.3) and (1.4), Corollary 2.2 directly follows from the decay esti- 
mates (ii) and (iii) of Proposition 2.1. □ 

Remark 2.1. Since any finite energy solution v to (TWc) has a limit Voo at infinity, we may 
write V = gexpiip outside some ball B{0,R), for some R> 0, where 93 is a smooth function on 
\ -6(0, R), which is defined up to an integer multiple of 2tt. Moreover the function 99 has a 
limit at infinity (poo, which we may take equal to 0, if we assume that Voo = 1- The statements 
given in [18, 20, 21] are actually expressed in terms of the real functions g and if as follows: 



16 



(i) if < c{v) < -v/2, there exists some constant K > depending only on c{v), E{v) and N 
such that 



K 



1 + X 



\V^{x)\ < 



K 



l + \x 



-, \1-q{x)\ < - 
w, |Vf?(x)| < 



K 



+ \x 
K 



N ■ 



(2.14) 



l + bl^+i' 



(ii) if c{v) = \/2, the function tp belongs to LP(]R^ \i3(0, i?)), for anyp > q — \ and V(p belong 
to LP{m? \ B{0, R)), for any p > f , whereas Vq belongs to ^^(IR^ \ B{0, R)), for any p > f . 

The previous inequalities are easily seen to be equivalent to those given in Proposition 2.1. 
Indeed, we have v = gcos{ip) + iQsm{ip), so that Re(f) — 1 = gcos{ip) — 1 and Im('y) = gsin{ip), 
and hence 

\Re{v) - 1| < K{\g - 1| + ^^), \lm{v)\ < K\^\, 
\VRe{v)\ < K{\Vg\ + MVip\), \VIm{v)\ < k{\Vip\ + MVg\), 

where K > is some constant. 

A remarkable consequence of Proposition 2.1 is 

Proposition 2.2. Let v be a finite energy solution to (TWc) on M^. Then, we have 

p{v) =p{v). 

Proof. Let R{v) > be such that l^l > ^ on R^\B{0, R{v)). As in Proposition 2.1 and Remark 
2.1, we may assume without loss of generality that v^o = 1 and ipoo = 0. If x is sufficiently large, 
the expansion of the sin function yields 



Im(f (x)) 



g{x) 



ip{x) 



< 



6 



Let R > R{v) be sufficiently large. We have, integrating by parts 



{idiv, 1) = 

B{0,R) 

so that it follows 



1 

R 



dB{0,FI) 



Im(f (x))xi(ix, and 



B{0,R) 



5i((i-xV) 



R 



dB{0,R) 



ip{x)xidx, 



B(0,R) 



({idiv, V -1) - g{v)) = 4 / f Im(f (x)) - (p{x)) xidx. 

^ / -K JdB{0,R) ^ ' 



We write Im(f ) — ^ = ( — y?) + Im(i;)^^, so that 

/ ({idiv,v-l) -giv)) < [ f\^ + 2\lm{v)\\g-l\). (2.15) 
Jb{0,R) ^ ' JdB{0,R) ^ O ^ 

We next distinguish two cases. 

Case 1. N = 2 or N = 3, and c(v) < It follows from (2.13) and (2.14) that 



''^^'^^'%2|Im(?;(x))||i)(x) - 1| < ^ 



6 



1 + X 



TV ■ 



so that (2.15) yields 



'B{0,R) 

which yields the conclusion. 



{idiv,v - 1) - g{v) 



0, as i? — > +00, 
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Case 2. N = 3 and c(v) = \f2. It follows from Remark 2.1 that Lp belongs to L'?(R^ \ 
S(0, Riy))) for any > ^, and - 1 belongs to L'?(M^ \ -B(0, R{v))) for any g > |, so that by 



Proposition 2.1, the function / = 1^ + 2|Im(?;)||£» - 1| belongs to ^''(M^ \ B{^,R{v))) for any 



q> \. Given R > R{v) and g > | to be determined later, we may find some R < R' < 2R, and 
some constant K{q) only depending on q, such that 



JdB{0,R') 

so that by Holder's inequality, we are led to 



dB{0,B') R 



[ f< K[q)R^ 



ldB{0,R') 

Choosing g' = |, we obtain that Jq^^q ^/-j / — > 0, as ^ +c>o. This yields by (2.15) 



/ ({idiv,v - I) - g{v)) 
Jb{o,r') ^ ' 



0, as iZ — > +00, 



which yields the conclusion again, since the integrand is integrable by Lemma 2.4 and Corollary 
2.2. 

□ 

2.4 Pohozaev's type identities 

Lemma 2.5. Let v be a finite energy solution to (TWc) on M^, with speed c = c{v). We have 
the identities 

E{v)= f \div\'', 



and for any 2 < j < N , 



E{v) = / \djv\'^ + c{v)p{v). 



Moreover, if c{v) > and v is not constant, then p{v) > 0. 

Proof. The first identity was established in [19], whereas, concerning the second identity, it was 
proved there that for any 2 < j < N , 

E{v) = I \djv\'^ + c{v)p{v). 

The conclusion then follows from Proposition 2.2. □ 

Notice that adding the identities in Lemma 2.5 we obtain 

N -2 f o N f 

\^W + -r {l-\v\^Y - c{v)[N -l)p{v) =Q. (2.16) 



Notice also, that introducing the quantities S(f) = \/2p{v) — E{v) and e{v) = \/2 — c(f )^, 
the second identity in Lemma 2.5 may be recast as 

/ \d,v\^ + T.{v) = (^/2 - ^2-e{vY\p{v) = '^f^ p{y). (2.17) 
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Corollary 2.3. Let v be a finite energy solution to (TWc) on M^, with speed c = and such 
that T,{v) > 0. Then, v is a constant. 

Proof. Since e{v) = and > 0, identity (2.17) implies that, for any 2 < j < N , 

= 0, 



so that V depends only on the xi variable. Since the energy is finite, this is impossible, unless v 
is constant. □ 



Notice more generally that, if > 0, then identity (2.17) gives 

/ \djv\'^ < e{v)p{v)y2 <j<N. 

Jrn 



In connection with the previous inequality, the next result gives a more quantitative version of 
Corollary 2.3. 

Lemma 2.6. Let v be a finite energy solution to (TWc) on M^. Then, there exists a constant 
K{c) > 0, possibly depending on c, such that 

2 , V"^ 



A 

for any 2 < j < N , and for any A > 0. In particular, we have 

< Kic)[x{e{v)piv) - S(t;)) + 

Proof. Set r/oo = ||^||l°°(r'^)- We may assume without loss of generality, that |??(0)| = r^oo- In 
view of uniform bound (2.2), there exists some constant K{c) depending only on c such that 

|"<"^)|2^-"^^^(»'2Im)- 

We next consider for any point o = (ai, . . . , a^-i, 0, aj+i, . . . , on), the line Dj{a) parallel to the 
axis Xj, that is the set Dj{a) = {aj{x) = (ai, . . . , aj-i,x, aj+i, . . . , aiy),x S M}. We claim that 



4/ (a(9,^)' + ^), (2.19) 

"/ Dj {(2.) 



for any a = (ai, . . . , aj_i, 0, flj+i, . . . , oat) € -6(0, 2kIc) ) ' Indeed, since r]{x) — > 0, as |x| — > +00, 
we have by integration, 

r/(a)^ = 2 / djri{aj{x))rj{aj{x))dx 



< 



Invoking inequality (2.18), one derives (2.19). The conclusion then follows integrating inequality 
(2.18) on a = (ai, . . . , aj_i, 0, a^+i, . . .,0^) G -6(0, 2^y)- □ 
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2.5 Analyticity 

The proofs of Theorem 3 and Lemma 2 rely on the following result, which is of independent 
interest. 

Proposition 2.3. Let v be a finite energy solution of (TWc) on , with < c < V2. Then, 
each component of v is real-analytic on R^. 

This is a consequence of the next more general result. 

Theorem 2.1. Let N > 2 and let v be a finite energy solution to (TWc) on M^, with < 
c < \/2- There exists some number Aq > 0, possibly depending on v, such that Re(t;) and \m.(v) 
extend to analytical functions on the cylinder C\q = {z £ , |Im(z)| < Aq}- 

Proof. The argument is reminiscent of [6, 7] (see also [32, 35, 36]). The idea is to prove the 
convergence of the Taylor series of v 



nA^)= E ^^(^-^r, (2.21) 



ai 

on a complex neighbourhood of an arbitrary point x G M^, the required estimates for the 
derivatives being provided by the partial differential equation, standard L^-multiplier theory, 
and Sobolev's embedding theorem. We apply here this strategy to the functions vi = Re(f ) — 1 
and V2 = Im(u), which satisfy the equations 

A'^vi-2Avi + c^dfvi =AFi{vi,V2) + cdiF2ivi,V2), (2.22) 
A'^V2 - 2Av2 + c^dlv2 = - cdiFi{vi,V2) - 2F2{vi,V2) + AF2(7;i, us), (2.23) 

where the functions Fi and F2 are defined from to C by 

Fi{zi,Z2) = 3zl + z^ + zf + zizl F2{zi,Z2) = 2ziZ2 + zfz2 + zl (2.24) 

Indeed, by equation (TWc), 

Avi - cdiV2 - 2vi =Fi{vi,V2), (2.25) 

Av2 + cdivi =F2{vi,V2), (2.26) 

so that equation (2.22) is derived applying the differential operator A to equation (2.25), the 
operator cdi to equation (2.26), and adding the corresponding relations, whereas equation (2.23) 
is derived applying the differential operator A — 2 to equation (2.26), the operator —cdi to 
equation (2.25), and adding the corresponding relations. Taking the Fourier transforms of 
equations (2.22) and (2.23) and denoting Hj^k, -f^i,j,fc and i^j,fc, the kernels defined by 

^jMi) |^|4 + 2ie|2 - c^ei ' + 2ie|2 - c^i ' lei^ + 2ie|2 - c^ef ' 

for any I < j,k < N , equations (2.22) and (2.23) may be recast as 
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djkVi = Hj^k * Fi{vi,V2) - icILi,j,k * F'2ivi,V2), (2.27) 



d;kV2 = icHij,k * Fi{vi,V2) + Kj,k * F2{vi,V2). (2.28) 

In order to compute L'^-estimates of djf^vi and djf^V2, we show that Hj^k, -f^i,i,fc and Kj^k are 
L'^-multipliers for any 1 < g < +00. For that purpose, we use Theorem 8 of [33] 2. 



^Estimate (2.30) in Theorem 2.2 is more precisely a consequence of the proof of Theorem 8, and Lemma 6 of 
[33]. 
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Theorem 2.2 ([33]). Let < a < 1. Consider a bounded function K in {R^ \ {0}), and 
assume that 



n C^^'d^'' . . . 9^^K(e) G L°°(]R^) (2.29) 

for any {ki, . . . , kisf) E {0, 1}"^ such that ki + . . . + kjsj < N. Then, K is a multiplier from 
Li{R^) to L~{R^) for any 1 < q < ^ (with the usual convention ^ = +co). More precisely, 
there exists a constant K{q) only depending on q, such that the multiplier operator fC defined by 

^)(0 = A'(0/(0, 

satisfies for any 1 < q < 

\\JC{f)\\^^^^^^ < K{q)MiK)\\fU,^^^^, (2.30) 

where 



n Qki . . . 4^K(0 ,^eR^,{ku...,kN)G {0, 1}^, ki + ... + kN <Nj. 

(2.31) 



By an inductive argument, the kernels Hj^^, Hij j^ and Kj^f^ satisfy assumption (2.29) for 
a = and any {ki, . . . , k^) S {0,1}^ such that fci + . . . + fc^v < Therefore, they are 
L'^-muhiphers for any 1 < g < +oo. This imphes 

Step 1. Let 1 < j,k < N, a G and I < q < +oo. There exists some positive number Ki{q), 
possibly depending on q, but not on a, such that 

Wd'^jkVl\\Li{RN) + P"5jfc'^2||L9(MiV) < Ki{q){\\d'^Fi{vi,V2)\\L^(^M.N) + || 9°i^2 (^1 , ^2) (iRiV)) . 

(2.32) 

By [20], d'^vi and d''v2 belong to L9(]R^) for any ^ <q< +00, if q = 0, 1 < g < +00, 
elsewhere. Using the chain rule, it follows that d°^Fi{vi,V2) and d°^F2{vi,V2) are in L'^iR^) for 
any I < q < +00. On the other hand, by (2.27) and (2.28), 

d'^d^vi =Hj^k * d''Fi{vi,V2) - icHij^k * d''F2{vi,V2), 



d''d%V2 =icHij,k * d^Fi{vi,V2) + Kj,k * d''F2{vi,V2), 



and inequality (2.32) follows from the fact that Hj k, ^i,j,k and Kj^f. are L'^'-multipliers for any 
1 < q < +00. We are now in position to obtain uniform estimates of d'^vi and d°'v2- 

Step 2. Let 1 < j < N , a €z and ^ < Q < +00. There exist some positive numbers K2{q) 
and K^{q), possibly depending on q, but not on a, such that 

I|9°^^i|Il-(IR^) + I|5"^2||l-(M^) <K2{q)Fq{a), 
Wdj^iWiim.'^) + Wd.jV2\\Lim.'^) <K^{q)Fq[a), 



where we have set 

Fg{a) = max^(\\d^Fi{vi,V2)\\L.im) + \\d^ F2ivi,V2)\\L'>iRN)) ■ (2.34) 
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By Sobolev's embedding theorem and inequality (2.32), we have 

\\d'^vi\\L--(RN) < Ks{q)(\\d°'vi\\L,(M^) + Wd'^d^viWiHR^)) < 2Ks{q)Ki{q)Fq{a). 



Using the same argument for d"v2, the first estimate of (2.33) holds with K2{q) = 4:Ks{q)Ki{q). 
On the other hand, using Gagliardo-Nirenberg's inequality and inequality (2.32), we are led to 



1. 

'i^^i||L9(RiV) < KG7v(g)||5°t;i||2,(],jiV)||'9"(i^t'i|||^,(jjjv) < KGN{q)Ki{q)Fq{a), 

and the second inequality of (2.33) also holds with K^{q) = 2KGN{q)Ki{q). 

We now come back to the convergence of the Taylor series Tv^^x{z) and T^^^x{z)-, defined in 
(2.21). Using the uniform estimates of Step 2, it suffices to prove the convergence of the series 



Vo(^)= E ^l^-^ol'"' (2.35) 



for z sufficiently close to xq, and some suitable exponent q. This follows from the next estimate. 

Step 3. Let a E N"^ and ^ < q < +oo. There exists some positive number K4{q), possibly 
depending on q, but not on a, such that 

Fg{a) < i^4(g)l"la", (2.36) 

where we have set a = (max{ai — 1,0}, . . . , maxjaTv — li 0}). 

The proof is by induction on I = \a\. Inequality (2.36) being valid for < / < 5 and any 
constant K4^{q) sufficiently large, we assume that it holds for any multi-index a such that |a| < 
and consider some multi- index a = {(3i, . . . , /3j + 1, . . . , (3n) such that |a| = |/3| + 1 = / + 1. Using 
the inductive assumption for (3, we claim that 

Claim 1. Let (a,6,c) G {1,2}3. Then, 

\\djd^ivaVb)\\LHR-) <2'''+'K2iq)Ksiq)K,iqyf3^ 
\\d,d''{vM)\\L,^^^) <4^^+'K2{q)Ks{qfK,{qyf3^- 

We postpone the proof of Claim 1 and first complete the proof of Step 3. By definitions 
(2.24) and estimates (2.37), 

\\djd^Fiivi,V2)\\mm) + \\djd''F2ivi,V2)\\L<,(m) < 42^+'i^2((?)i^3(g)(l + i^3(g))i^4(g)'/?^ 



so that choosing Ki{q) = A'^^'^^ K2{q)K3{q){l + K3{q)), and using the above definition of a, we 
are led to 

\\d-Fi{vuV2)\\L.iwn + \\d-F2{vi,V2)\\L.iwn < K^'^^ 

which finally gives 

Fq{a) < K^iqf^'a", 
and completes the inductive proof of Step 3. 

Proof of Claim 1. Let (a, 6) G {1, 2}^. The chain rule gives 
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so that using estimates (2.33), 

< 9 

7!(/?-7)! 



djd^{vaVt)\\LHR^)<^ E ^uni K2iq)Ks{q)F,{^)Fg{P - 7). 



0<7</3 

Hence, by the inductive assumption, 

0<7</3 

At this stage, we require the next elementary lemma. 
Lemma 2.7. Let /? G \ {0}. Then, 

Proof of Lemma 2.7. Assume first that = 1 and /3 > 2. By Abel's identity (as in [35]), 
SO that 

Since this inequality is straightforward in the cases /? = or /3 = 1, (2.39) is proved for A^ = 1. 
If A^ > 1, we invoke a little algebra and the one-dimensional case to conclude by the relations 

□ 

Using Lemma 2.7, we are in position to prove Claim 1. Inequalities (2.38) and (2.39) yields 
the first inequality of (2.37). The second follows using the chain rule, uniform estimates (2.33) 
and Lemma 2.7 twice. □ 

Step 4. The Taylor series Ty-^^xo{z) and T^^^^oiz) are uniformly convergent with respect to xq £ 
on the set V^xq, Aq) = {z £ , \z — xo\ < Aq}, where Aq = k4{N) ■ 

We choose q = N. By Stirling's formula, the series ^ ^ii^^ converges on 2^(0, Aq), so 

that using estimate (2.36), the series Sjy^xoiz) converges for any z S P(a;o,Ao), uniformly with 
respect to xq G M^. By assertion (2.35), T^-^^xoi^) ^-^id T„2,xo(-2) converge the same way. 

By Step 4, we conclude that there exist some positive number Aq and two analytic functions 
Vi and V2 on Caq, such that vi, respectively V2, are identically equal to Vi, respectively V2 on 
R^. Therefore, Re(f ) = 1 + vi and Im(t;) = V2 extend to analytic functions 1 + V^i and V2 on 
Cxq, which completes the proof of Theorem 2.1. □ 
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2.6 Solutions without vortices 

In this subsection, we consider only solutions v to (TWc) on which do not vanish. In 
particular, we assume throughout that 



^1 > I, (2.40) 



so that V may be written as in (2.11), v = gexpicp. Using (2.12), the energy writes in the 
variables g and 93, 

E{v) = E{g, {y^B? + q'\'^^? + ^^^) > (2-41) 

whereas for the momentum, we have {idiv,v) = —g^dnp. Therefore, it follows from Proposition 
2.2 that 

p{v) = p{v) ^ 
The system for g and (p writes 



\j (-g'd,^ + di{{l-x)v))=l[ {1-Q')diip. (2.42) 



fSi^^ + divfe^y A ^0, 

^ / ^ \ (2-43) 

cgdiip- Ag- gh- g"^] +g\Vip\'^ = 0. 



Notice that the quantity t] = 1 — satisfies the equation 

A^T] - 2Ar] + c^dfr] = -2A{\Vv\^ + rf - cqdiif) - 2c9idiv(7?Vv3), (2.44) 

where the l.h.s is linear with respect to r], whereas the r.h.s is quadratic. 
A first elementary remark is 

Lemma 2.8. Let v be a finite energy solution to (TWc) on M'^ satisfying (2.40). Then, we 
have the identity 

cp{v) = [ £>2|v^|2. (2.45) 

Proof. The identity is obtained multiplying the first equation in (2.43) by 99 and integrating by 
parts using the decay properties of Remark 2.1. □ 

Lemma 2.8 has the following remarkable consequence. 

Lemma 2.9. Let v be a finite energy solution to (TWc) on satisfying (2.40). Then, 

E{v) < 7civf [ rf. 

Proof. We have, in view of assumption (2.40), Lemma 2.8 and Cauchy-Schwarz's inequality, 

<2c( [ v'Yif o'W^f 
Hence, we deduce 

/ ^^|V^p < 4c2 / 7]'^. (2.46) 

JrN JjjJV 
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It remains to bound the integral of |Vf)p. For that purpose we multiply the second equation in 
(2.43) by — 1 and integrate by parts on using the decay properties of Remark 2.1. This 
yields 

/ (M^8\' + Q{l-Q^f) =c [ Q{l-g')di^+ [ ^>(l-^p2)|V<^|^ (2.47) 



SO that 



\Vg\' + ^il-gr]<c 



{l-g'f] +21 g^\V^\ 



by (2.40) and Cauchy-Schwarz's inequality. Invoking (2.46) in order to bound the r.h.s of this 
identity in terms of the integral of r/^ , we deduce the desired inequality. □ 

2.7 Subsonic vortexless solutions 

We next specify a little further the analysis assuming that the solution v verifies the additional 
condition 

< c{v) < V2. (2.48) 

We set, for such a solution 



iv) = V2 - c{vy 



We first have the bound 



Proposition 2.4. Letv be a non-trivial finite energy solution to (TWc) on satisfying (2.48). 
Then, 



1 - \v\ 



Proof. Set (5 = ||1 — ji'l ||l=o(irjv'). If 5 > ^, then the proof is straightforward. Otherwise, assump- 
tion (2.40) is satisfied and going back to identity (2.45), we observe that by Lemma 2.3, 



/ {i-e')dw 

so that, using identity (2.42) and Lemma 2.8, 



cp{v) = - 



< 



V2il - 5) 



e{v), 



[ g^\x/^\^ < ^ [ e{v). 

JRJV V2(l - S) Jrn 



V2{1 - 5) 

Similarly, we have for the r.h.s of identity (2.47) 



(2.49) 



/ ^(1 - g'^)diip <V2c [ e( 



and using (2.40), 



< 65 



[ e{v). 



(2.50) 



(2.51) 



/ g{l-g^)\V^\ 
Jrn 

Combining (2.47), (2.50) and (2.51), and using the fact that p > 1 — 5 > 0, we are led to 
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Finally, from (2.49) and (2.52), we derive 

A / e{v) < 0, 



where we have set A = 1 — — 2(i^s) ■ Since v is non-trivial, its energy is not equal to 

so that A < and 



2/. c \ L e'^\ , 



which is the desired inequality. □ 
Combining Lemma 2.5 with Lemma 2.8, we are led to 

Lemma 2.10. Let v be a finite energy solution to (TWc) on satisfying (2.40) and (2.48). 

Then, 

S(^) + ^ / \Vgf = -^^p{v). (2.53) 

iV J^N yj2 + C{V) 

Moreover, if N = 2, then we have 

[ \Vg\'(l + \) = [ (2.54) 

Proof. For the proof of equality (2.53), we first add equality (2.16) and the identity provided in 
Lemma 2.8, to obtain 

N-2 /■ ,„ ,0 N f o,„ ,0 N 



[ |VeP + f/ A-^^^ + ^l v' = cNp{v), 
Jrn 2 J^N 4 J^N 



2 

using the identity iVtip = |V^)p + £)^|Vv3p. This yields 

E{v) - cp{v) = ^ [ \VQ\^ 

and equality (2.53) follows from the definitions of S(t;) and £{v). 

For equality (2.54), we multiply the second equation in (2.43) by ^, and integrate on M.^ . 
This yields 

/ (cr]diip r/ - r/^ + ry|Vv3p ) 

Jrn \ Q ' 

Since by definition = 1 — we obtain, integrating by parts 



0. 



= v.v(i^)=/ |V,|^(l + l), 

Q JrN V / J^N \ Q^J 

On the other hand, for N = 2, identities (2.16) and (2.42) yield 

ry^ = 2cp{v) = c rjdiip. 
Conclusion (2.54) follows combining the last three relations. □ 
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2.8 Use of Fourier transform 

We consider for ^ € M^, and a function / defined on M^, its Fourier transform /(^) defined by 
the integral 

m = I /(x)e---«dx. 



Lemma 2.11. Let v he a finite energy solution to (TWc) on satisfying (2.40). Then, for 
any ^ G M^, we have 



lei' + 2 - ^'^pio = 2i?o(e) - 2c il^iiice) + 2c J] (2.55) 

where we have set Rq = |Vf p + 77^ and i2j = rjdjip. 

Proof. It suffices to consider the Fourier transform of (2.44). □ 

Using (2.55), we deduce in the two-dimensional case, 

Lemma 2.12. Let N = 2 and let v be a finite energy solution to (TWc) on satisfying (2.40) 
and (2.48). Then, there exists some universal constant K > such that 

e{v) < KE{v). 

Proof. We first notice that for any integrable function / on and any ^ G M^, we have in 
view of the definition of /(^), |/(0I ^ II/IIli(m^)5 so that 

\\Ri\\L^(^^) < WRih^m) < KE{v). (2.56) 
It follows from integrating (2.55) that we have for any 1 < q < +00, 

/ \mVdi<K{l + c'i)( [ \L,{0\''dAE{vy, 



where we have set, for any ^ G 



1 _ \i? 

~ ?2~ = |tl4 , nit 12 272' (2-57) 

|^|2 + 2-c2if7 l^l^ + 2|e P-c^ef 
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In the case q = 2, this leads in view of Plancherel's formula to 



/ ii{xfdx<K{l + c^)( f \L,{i)\''di\E{vf. (2.58) 



We claim that 



L^iifdi = (2.59) 
V2e(c) 

We postpone the proof of the claim, and complete the proof of Lemma 2.12. Combining (2.48), 
(2.58) and Lemma 2.9, we have 



E{v) < 1(? [ 7f < -^E{v) 
Jm e(c) 



where we used claim (2.59) for the second inequality. This concludes the proof of Lemma 
2.12. □ 
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Proof of Claim (2.59). Introducing polar coordinates, we have 



JO 



(r2 + 2-c2cos2(0))2 2 7o 2-c2cos2(0) 



Using the change of variables t = tan(0) and u = 2^^t, we obtain 



JR2 JO 



dt I 2~ du vr 



2 - c2 + 2^2 V 2 - c2 1 + ^2 V2e( 



□ 



In dimension three, the previous analysis leads to a result of a very different nature. 



Lemma 2.13. Let v be a finite energy solution to (TWc) on satisfying (2.40) and (2.48). 

Then, there exists some universal constant K > {) such that 

E{v) > £oic) 



c(l + c2) arcsin y-^j 

Proof. The argument is parallel to the argument of Lemma 2.12 up to (2.58). However, in 
contrast with (2.59) we have in dimension three, 

/ L,(e)2dC = - arcsin (4). (2.60) 

We postpone the proof of (2.60), and complete the proof of Lemma 2.13. By (2.58) and Lemma 
2.9, there exists some constant K > such that 



E{v)<7c' [ 7]^ <Kc\l + c^)( [ L,(0'deV( 

V JR^ J 



vf. 

Lemma 2.13 follows using (2.60). □ 

Proof of Claim (2.60). Introducing spherical coordinates, and using the change of variables u = 
cos{6), we have 



An integration by parts with respect to the variable r gives 

/ L^iO'dC = 2vr ( f . f , , )dr. 

Jr3 Jo \Jo r^ + 2-c^u^J 

Using the change of variables v = , ^ ^ ^ and w = , we obtain 

/ L,{ifdi =27r / 
JR? Jo 



°° / fly^ \ dv 9 /"^ du 7r2 /■ ^2 dw 



7r2 . / c \ 



arcsin 



V2-c2n2y 1 + 1;2 V2 - d'u^ c Jq ^/T^^ 

v^7!)■ 



□ 
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The previous analysis extends to any finite energy subsonic and sonic solutions, providing a 
proof of iii) in Theorem 2. 

Lemma 2.14. Let v be a non-trivial finite energy solution to (TWc) on M^. Then 

E{v) > So, 

where £q is some positive universal constant. 

Proof. In view of the results of [19], we know that there are no supersonic travelling waves on 
the whole space that is < c{v) < \[^. Moreover, in dimensions > 2, it follows from Lemma 
2.2 that 

111 - blllLocmiV) < KE{v)^, 



so that, choosing possibly a smaller constant Sq, we may assume that v satisfies (2.40), and v 
may be written as in (2.11), v = gexpitp. If v is subsonic, i.e. c{v) < V2, then Lemma 2.13 
yields the conclusion, since the function c i-^ c(l + c^) arcsin(-^) is bounded on (0, \/2). In the 
sonic case, one observes similarly that 



/ 



and the same proof as in Lemma 2.13 applies to yield the conclusion. □ 

In the same spirit, but with more involved methods, we may prove 

Lemma 2.15. Let | < q < +oo, and let v be a finite energy solution to (TWc) on M.^ satisfying 
(2.40). Then, there exists a constant K{q) only depending on q such that 

WvhHm < K{q)E{v)\^i . 



Proof. We first recall that there are no non-trivial finite energy supersonic travelling waves on 
. Hence, we may assume that < c < ^2. In view of equation (2.55), we have 

3 tl 3 

m = L^iO (2m) - '^c^^RiiO + 2c^ |p^^(^)) ' (2.61) 

so that the proof reduces to estimate the r.h.s of (2.61) by using multipliers theory developed 
in [33]. Indeed, using Lemma 2.1, and the fact that < c < \/2, we first notice that there exists 
some universal constant K such that 

\Rj\< Ke{v). 

Invoking Lemma 2.1 and the fact that < c < \/2 once more, we have for any \ < q < +00, 

p,-||i,(K3) < ir(^^^e(t;)'?y <KE{vy. 

On the other hand, it follows from standard Riesz-operator theory (see [39]) that the functions 
i ^ S'i's L'^-multipliers for any 1 < q < +00 and any 1 < i, A; < 3. Hence, there exists some 
constant K{q), possibly depending on q, so that the function F defined by 



m = ^m) - '^c^T^Riio + 2c5] ||i?;(e), (2.62) 

i=2 j=2 
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belongs to L'?(M'^) for any I < q < +00, and satisfies 

3 

\\F\\l,^r3) < K{q)Y,\\Rj\\LHR^) < K{q)E{v)'^ . (2.63) 
j=0 

Finally, in view of Theorem 2.2, is a multiplier from L'^{M.^) to L^-^i (M^) for any 1 < g < |. 
More precisely, denoting Ce, the multiplier operator given by 

= (2.64) 

there exists some constant K{q) possibly depending on q but not on c, such that, for any 
1< g < I, 

\\Ce{m^^^ < Kiqmimm^f e L'^i^')- (2.65) 



We postpone the proof of claim (2.65) , and complete the proof of Lemma 2.15. Indeed, it follows 
from (2.61), (2.62) and (2.64) that 

Therefore, by (2.63) and (2.65), we have 



|??|| 5,' <K{q')E{v)7 



for any 1 < < |. Letting q = that is ^ = | + |, this ends the proof of Lemma 2.15. □ 

Proof of Claim (2.65). Claim (2.65) is a consequence of Theorem 2.2 applied to L^. Indeed, we 
may check that satisfies the assumptions of Theorem 2.2, i.e. that the quantity 

M(L,) EE sup { n |e,r+'^ \d'['d^'d^/L,iO\,^ G ih,k2, h) G {0, 1}^, h + k2 + h<3], 



is finite for some suitable choice of a. This follows from the next computation of some derivatives 
of Le, 

for any 1 < j < 3, 



d^Leio = ,1 J _ ( - i^r - c^e, + c%,\e), (2.66) 



(2.67) 

for any 1 < j ^ k < 3, and 

dfM^) = (|g|4 + 2|g|y^2g2)4 (-31^1^ + c^(6iei^ - m!\^\' + m'+ 6(c^ - - ^c^f 



(2.68) 



Considering some multi-index (A;i,fc2;^3) £ {0, 1}^ such that ^1 + ^2 + ^3 < 3, it follows from 
(2.57), (2.66), (2.67) and (2.68), and the fact that < c < \/2, that there exists some universal 
constant K such that, for any |^| > 1, 



3 
D 



K 



n |e,r+^^ dl-d^^dl^L.iO < < (2.69) 
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provided a < |. On the other hand, if |C| < 1, we deduce from (2.57), (2.66), (2.67) and (2.68), 



that there exists some universal constant K such that 

Therefore, denoting £^ = pa where p > and a = (cri, cr_|_) G S^~^, we are led to 

^ 2(l+fc2+fc3)+3a|^ |2(a+fc2+fc3) 

< ^ I -LI 



p2(l+fc2+fc3)(p2 _^ 2|<T_L|2)l+fc2+fe3 (2.70) 

< ifmax{p,|f7x|}^"-2 < if, 



provided that a > |. Using (2.69) and (2.70), and choosing a = |, the quantity M(Le) is 
bounded by some constant K not depending on e, so that, by Theorem 2.2, Lg is a multiplier 

from L^(M^) to L'^^iW^) for any 1 < < |. Hence, inequahty (2.65) follows from (2.30) and 
(2.31). □ 

We will use the following consequence. 

Corollary 2.4. There exists some constants K > {) and a > such that 

K 

1 — b ^°om3^ > 



E{vY 



Proof. If II 1 — |?^| ||loo(r3) > 2) then we are done in view of Lemma 2.14, for K = and any 
Q > 0. Therefore, we may assume ||1 — | < i. In that case, using Lemmas 2.9 and 

2.15, and the fact that < c < \/2, we write for any | < g < 2, 

E{v) < 7c^\\r]\\l2^^s) < 14||r?||^,(ig3)||??|li';?(K3) < K{q)\\r]\\l^J^^,^E{v)'^-^'-^ . 

Hence, 

111 I III ^ lhllL°°(R3) ^2 K{q) 

ll-L - I^^IIIl°°(r3) ^ -I ^ ■^II^IIl°°(r3) > —■ 

1 + I|£'IIl-'(r3) 5 E{v)^^(^ 

We conclude, choosing for instance 9 = | and a = ^. □ 

Combining the previous result with Lemma 2.6, we obtain the following bound for e(f). 

Lemma 2.16. Let v be a finite energy solution to (TWc) on M^, such that S(t;) > 0. Then, 
there exists some constant K{c) depending only on c, and some universal constant q > 0, such 
that 

Proof. In view of Lemma 2.6, we have 

Xe{v)p{v) + ^ > i^(c)||r/||i.(K3) > ;^|p,VA > 0, 

where we have made use of Corollary 2.4 for the last inequality. The choice A = — — yields 
the desired result. □ 
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3 Properties of the function -Emin(p) 

The main purpose of this section is to provide the proofs to Theorem 4, Lemma 1 and Lemma 
2, as well as the proof of Theorem 3. 

3.1 Proof of Theorem 4 

We begin this subsection with a number of elementary observations. 

Lemma 3.1. For N = 2 and N = 3, we have the inclusion C £{M.'^). Moreover, the 

functions E and p are continuous on W{R.^). 

Proof. Concerning the momentum p, we have already seen that, in view of (1.5) and Holder's 
inequality, it is well-defined and continuous on W{MJ^). For the energy we start with the 
identity 

(1 - |1 + w\'^f = me{vof + 4Re(u;)|t/;|2 + (3.1) 
for any w G y(M^), so that 

(1 - |1 + w\'^f < 8Re(w)2 + 4Re(w;)^ + 4Im(w)^, 

and the l.h.s of this identity belongs to L^(M^), whenever w belongs to y(R^). Hence, W{^^) 
is included in £^(M'^), and the L^-norm of the l.h.s of (3.1) being continuous on y(M^), E is 
also continuous in VF(]R^). □ 

Lemma 3.2. Assume N = 2 or N = 3 and letv = l + w be in W(JS.^). There exists a sequence 
of maps {wn)nGN in C^(M^) such that Wn ^ w in y(M^), as n ^ +oo, 

p{vn) = p{v)-, and E{vn) — > E{v), as n ^ +00. 

In particular, given any p > 0, there exists a sequence of maps {wn)n<^N in C^(M^) such that 

p{l + Wn) = p, and E{1 + Wn) -E'min(p), as n ^ +00, 

so that 

E^^,,{^)=mi{E{l + v),veC^{^''),p{l + v)=p}. (3.2) 



Proof. In view of continuity properties stated in Lemma 3.1 and the density of C^(]R ) into 
y(M^), given any w G y(M^), there exists a sequence of maps {wn)n&N such that 

p{vn) — > vi^)-, and E{vn) E{v), as n — > +00, 

where we have set = 1+Wn, and v = \+w. In order to prove the first assertion, we distinguish 
two cases. First, if p{v) / 0, then we may assume without loss of generality that p{v) > 0, so 
that by continuity, we have p{vn) > 0, for n sufficiently large. In this case, we set 



Wn = \ ——Wn, and Vn = I + Wn, 
V P{Vn) 

so that p{vn) = p{v), whereas Wn w \n V{MJ^), as n ^ +00, which yields the conclusion. 

The case p{v) = (which is actually not the most relevant one for our discussion) is treated by 
an approximation argument. Indeed, in this case, we may assume that p{vn) 7^ for n sufficiently 
large (otherwise, up to a subsequence, the conclusion holds for Wn = Wn)- For given 5 > 0, we 
may construct (see Lemma 3.3 below) a map fs G C^(M^) such that p{l + fs) = 6, E{1 + fs) < 
2\5\ and ||/5||v^(mjv) < -fCy^j^ for some universal constant K. Denoting fs{xi,x±) = f5{—xi,x±), 
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this construction is also possible for any 6 < 0. We then consider the map Wn = Wn + /<5„ (• — a„), 
where 5n = — p(l + Wn) ^ 0, as n ^ +oo, and the point an S is chosen sufficiently 
large so that the supports of Wn and fs„{- — an) do not intersect. Denoting u„ = 1 + we 
have p{vn) = p{wn) + pifsj = 0, \E{vn) - E{v)\ < \E{in) - E{v)\ + \E{1 + fsj\ ^ 0, and 
Wwn — w\\y(]^n-^ < \\wn — u^lly(R'V) + ||/<5„ ||y(RiV) ^ 0, as n ^ +oo, which completes the proof of 
the first assertion. 

The two last assertions follow, once it is proved that 

r^(p) = {we W{R^), s.t. p{w) = p} 
is not empty. This is again a consequence of Lemma 3.3 below. □ 

As a rather direct consequence of Lemma 3.2, we have 
Corollary 3.1. Let p > 0. Then, 

limsup {Eli^iM) < -Smin(p). 

n— >+oo 

Proof. In view of identity (3.2), given any 6 > 0, there exists a map v = I -\-w £ {1} + C^(M^) 
such that 

£^mm(p) < E{v) < E^i,,{p) + 6, and p{v) = p. 

Since w has compact support in some ball B{0,R), for some radius R> 0, the restriction of w 
to the set 0^ vanishes on the boundary provided vrn > R, and hence defines a map in 

H^{T^). Adding to w the constant function 1, we have similarly v G H^{T^ ,C). Moreover, 

4 

in the two-dimensional case, if n > (1)3, then w £ Sn (see definition (4.14) in Subsection 4.2 
below). This implies 

E{v)>E1;^,^Xp), Vn> (^)^ 

Hence, 

KM < ^min(p) + 6, 

and the conclusion follows letting 6 tends to zero. □ 
Next, we have 

Lemma 3.3. Let N > 2 and s > be given. There exists a sequence of non-constant maps 
{-fn)nm in{l} + C^{R^) such that 

p{ln) = 5, ||7n|lw'(R'V) < K^/5, and E{-fn) ^ ^25, as n ^ +00, 

where K is some universal constant. In particular, -Emin(p) ^ V^P, for any p > 0, and the map 
p I— > H(p) is non-negative. 

Proof. Recall that \i v = gexpiip G {1} + C^(M^), then the energy and momentum write 

E{v) = \j {\Ve? + |Vv9|2 + [ V\^V\\ and p{v) = \ j vdi^. 

2 J^N \ 2/2 J^N 2 J^N 

As mentioned in the introduction, if one keeps only the quadratic terms, minimizing the energy 
for fixed momentum amounts to have y/2diip ~ r]. For this simplified problem, the infimum is 
not achieved, and for minimizing sequences, transverse derivatives tend to zero, as well as the 
modulus. In view of this observation, we take an arbitrary map ip S C^(M^), and we construct 
by scaling and multiplication by a scalar a sequence which has the properties announced in the 
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statements of Lemma 3.3. Inspired by the scaling (1.11), we introduce three parameters a > 1, 
A > 1 and < ;U < 1, and consider the map T = pexpi^, where the phase ^ is given by 
<I>(x) = \/^fiip(^^,^) and the modulus p by p{x) = 1 — ^diip[^,^). Notice in particular 
that, if /i — > and A — > +oo, then 

V2di<^ = 2(1 - p) ~ 1 - p2 = 
and that the transverse derivatives are of lower order. Next, we compute 

Jm V V A / A^ j^N J 

[ |Vxr|2=p2A(^-3)"+^f2 / (^--,dwY\^±^\' + ^ [ N±dw\'), (3.3) 
Jrn \ Jf,N V A / A^ J^N J 

whereas 

p{T) = V2p'x(^-'^--' (l - A^,^) id,^f. (3.4) 

For given n G N, we choose A = n, and determine the parameter p, so that p{T) = s. In 
particular, this choice leads to 

p ~ — n 2 ^ as n — > +oo, 

2i\\dlip\\L2^^N) 

so that p — > and ^ — > 0, as n — > +cx3. In view of (3.3) and (3.4), choosing 7„ = F (with the 
particular choices of A and p above), we are led to 

p{^n) = s, and Ei^n) ~ 2/i2A(^-i)"-i / {di^f - ^25, as n ^ +oo. 



for any a > 1. In order to complete the proof of Lemma 3.3, we now turn to the norm of the 
function 7„ in PF(M^). Using the fact that ^ — > 0, as n — > +oo, we compute 

|Re(7n)-l| <K^(|p-l| + ^2),|Im(7„)| < K^^, and | VRe(7„)| < i^^(| Vpl + l^-l IV^-I), 

where K^, is some constant possibly depending on ip, but not on a and n. Hence, we are led to 

/ |Re(7„)-lp<K^/x^A(^-^)-^f / {d.^f + p'X'f 
Jm \Jm Jm J 

[ |Im(7„,)|^ <K^/A(^-i)-+^ / ^^ 

Jm Jm 

[ |9iRe(7„)|l <K^/xlA(^-i)"-tf / idfip)l+plxl [ \dMl) , 
Jm \Jrn j^n j 

[ |VxRe(7„)|^ <K^/itA(^-i)"-3f / \V^di^\l +plxl [ 

Jm \Jm Jrjv j 

so that, assuming that a = 

ll7n||iy{R^) ~ K^^/5, as n ^ +oo. 

This concludes the proof of Lemma 3.3. Indeed, the last assertions of this lemma are direct 
consequences of the definitions (1.2) and (1.17) of Emin 

and H. □ 
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Lemma 3.4. We have, for any p, q > 0, 

|Smm(p) - ^min(q)| < V2\p - q|. (3.5) 

In particular the function p i-^ -Emin(p) is Lipschitz continuous on M_|_, with Lipschitz's constant 
^/2, and the function p i-^ S(p) is non-negative, non- decreasing and continuous on IR+. 

Proof. We may assume without loss of generality that q > p. We show first that 

^mm(q) <^mm(p)+\^(q-p). (3.6) 



For that purpose, let (5 > be given, and consider a map vs = 1 + ws, where wg G 
such that 



p{vs) = p, and E{vs) < £^mm(p) + -• 

The existence of such a map vg follows from identity (3.2) in Lemma 3.2. Set s = q — p and let 
fs be in C^{R^) such that p{l + fs) = s, and E{1 + fs) < V2s + |. The existence of such a 
map fs follows from Lemma 3.3. We set 

V = 1 + WS + fs{- - as), 

where as G is chosen so that the support of ws and fs{- — as) do not intersect. In particular, 
we have 

E{v) =E{v5) + E{l + fs), andp(w) = p{vs) + p{l + fs) = p + 5 = q. 
It follows that 

^mm(q) < E{v) = E{vs) + V25 + -< ^;min(p) + V2(q - p) + <5, 
which yields (3.6) in the limit 5 — > 0. Next we turn to the inequality 

£^mm(p) < ^min(q) + V2(q - p). (3.7) 

We similarly consider a map vs = ^ + ws, where ws G C^(M^), such that 

p{vs) = q, and E{vs) < £^mm(q) + -• 

We set 

V = l + ws + fs{- - bs), 

where the map fs is defined as in the proof of Lemma 3.2, and where bs is chosen so that the 
support of ws and fs{- — bs) do not intersect. Notice that we have 

^(1 + M- - bs)) = E{1 + fs) <V25+^-, 

and 

p{l + M- - bs)) = -p{l + fs) = -5, 
so that p{v) = p{vs) — s = p. Hence we have 

^mm(p) < E{v) = E{vs) + E{1 + fs{- - bs)) < ^min(q) + V^S + 5, 

and the conclusion (3.7) follows letting 6 tends to 0. This completes the proof of Lemma 3.4, 
the last assertion being a consequence of (3.5). □ 
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Lemma 3.5. Let p, q > 0. Then, 



E ■ f P + ^ 'i > -^min(p) + gmm(q) 



Proof. The main idea is to construct comparison maps using a reflexion argument. For that 
purpose, for a map / G W{M.^), and a E M, we consider the map f defined by f = f oP^, 
where P^ (resp. P~) restricted to the set = {x = {xi, . . . ,xm) G M.^ ,xm > a} (resp. the 
set T~ = {x = {xi, . . . ,xn) G M^, xat < a}) is the identity, whereas its restriction to the set T~ 
(resp. r^) is the symmetry with respect to the hyperplane of equation Xn = a. In coordinates, 
this reads as 

T+f{xi, . . .,xiy) =f{xi, . . .,xn) if XN > a, 
Taf{xi,---,XN) =f{xi,...,2a- Xn) if xn < a. 

One similarly defines T~/, reversing the inequalities at the end of each line. We verify that T^f 
belongs to W{R^), and that 



E{T^f) = 2E{f,rt), andp(r±/) = 2('i fjidif,f-l) 



(3.8) 



We also notice that the function a p{T^f) is continuous and, by Lebesgues's theorem, tends 
to zero, as a ^ +oo, and to 2p{f), as a ^ — oo. Therefore, it follows by continuity that, for 
every a G (0,p(/)), there exists a number a G M such that 

p(r+/) = 2a, and p{T~ f) = 2{p{f) - a). (3.9) 

Next, we consider, for any p, q > and any 5 > 0, a map v S W{EJ^) such that 



P{v) = and E{v) < -Emin(^^-^) + ^• 

Invoking (3.9) for f = v and a = |, we may find some a G M such that 

P{TaV) = P, and p(T~v) = q. 

It then follows from (3.8) that 

E,,M<E{T+v)<2E{v,rt), 

and 

E^M<E{T-v)<2E{v,r-). 
Adding these relations, we obtain 

^min(p) + ^min(q) < 2E{v ,T^) + 2E{v ,rt) = 2E{v) < 2E, ^^^'^ 



mm \ 2 



The conclusion follows, letting 5 tends to 0. □ 
Corollary 3.2. The function p -E'min(p) is concave and non- decreasing on M+. 
Proof. Continuous functions / satisfying the inequality 



P + c\\ > /(p) + /(q) 



are concave. Similarly, concave non-negative functions on M_|_ are non-decreasing, so that, in 
view of Lemmas 3.4 and 3.5, -Bmin is concave and non-decreasing on M4.. □ 
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Proof of Theorem 4 completed. Combining Lemma 3.4 and Corollary 3.2, all the statements in 
Theorem 4 are proved, except the fact that H(p) tends to +oo, as p ^ +oo (the existence of 
po being a consequence of the properties of H). This fact is a direct consequence of the vortex 
solutions constructed in dimension two in [4], and of the vortex ring solutions constructed in 
dimension three in [3, 8]. As a matter of fact, these results show that 

£^mm(p) < 27rln(p) + K, as p ^ +oo, (3.10) 

in case N = 2, respectively 

^min(p) ~ 7rVpln(p), as p ^ +cx), (3.11) 

in case = 3, so that H(p) ~ V^p, as p ^ +oo. □ 
Remark 3.1. We actually believe that the arguments in [4] might lead to the estimate 

-E^mm(p) ~ 27rln(p), as p ^ +cx3. 



3.2 Proof of Lemma 1 

Let p > be given, and assume that Emin is achieved by a solution u = Up of (TWc) of 
speed c = c{up). Equation (TWc), which is the Euler-Lagrange equation for the constrained 
minimization problem -Emin) may be recast in a more abstract form as 

cdp{up) = dE{up), 

where dp and dE denote the Frechet differentials of p and E given, for any tp S C^(M.'^), by 

(ip(tip)(^) = / {idiUp^ti)), axvd dE{up){ip) = - j (Aup + np(l - |upp), -0). 

We claim that dp{up) ^ 0. Indeed, if we take formally = "up — 1, then dp{up){ipo) = 2p / 0. 
By density of smooth functions with compact support in y(]R^), the claim follows. Let therefore 
^1 be a function in C^(M^) such that 

Mup){ipi) = 1- 

We consider the curve 7 : R i— > VF(]R^) defined by 7(t) = Up-\- tipi. Since the functions E and p 
are smooth on VF(M^), we have 

P(7(0) = P + s, where 5 = t + p{ipi)t'^, 
i?(7(t)) =i?„nn(p)+ct+ 0^(t2), 

so that 

^mm(p +5) - E^M < E{j{t)) - ^mm(p) < CS + O (s^). 

s—*0 

Conclusion (1.19) follows, letting s —>■ 0^. 
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3.3 Proof of Lemma 2 

We consider in this subsection two numbers < pi < p2 and assume throughout this section 
that -Emin is affine on the interval (pi,p2) that is 

Emin{Opl + (1 - e)p2) = 0Smm(pl) + (1 " ^)^mm(p2), G [0, 1]. (3.12) 

The first observation is 

Lemma 3.6. Assume that assumption (3.12) holds and that, for some < pi < p < p2 the 
infimum -E'min(p) is achieved by some function Up. Then, we have 

, s -Emm(p2) - -Emin(pl) /q i q\ 

c(up) = . (3.13) 

p2 - Pi 

Moreover, < c(np) < \/2. 

Proof. Identity (3.13) is a direct consequence of Lemma 1. For the second statement, we first 
notice that, in view of (1.16), (3.13) and the monotonicity of -Bmin) we have the inequahty 
< c{up) < \/2- Next, assuming that c(up) = 0, the concavity of -Emin ensures that 

< E^,M < E;min(pi),Vq > pi, 

so that -Emin is bounded on ]R_|_, which leads to a contradiction with (3.10) or (3.11) according 
to the value of the dimension. On the other hand, assuming that c(np) = -v/2, in view of the 
concavity of -Emin? the left and right derivatives of -Emin are non-decreasing, so that, since they are 
bounded by y/2, they are equal to \/2 on (0,p2). By integration, we obtain that E^min(p) = V^P 
on (0, P2), which yields a contradiction with Corollary 2.3. □ 

Lemma 3.7. Assume that assumption (3.12) holds and that, for some < pi < p < p2, the 
infimum E'min(p) is achieved by Up. Let 5 be such that (p — s,p + s) C (pi,p2). Then, there exists 
some number 0(5) G M such that 

^(^a%)"p) = ^min(p ± 5), and p(r%)np) = p ± s, (3.14) 

so that E'min(p i s) is achieved by T^^^Up. Moreover the map s 1— > a(s) is decreasing. 

Proof. We proceed as in Lemma 3.5. In view of (3.9), we choose the value a(s) so that 

P(T^i,)^p) =P±5, 

which yields a decreasing function s •— > a(s). It follows from (3.8) that 

E.,i„(p ±s) < i?(r±^)np) = 2E{up,T^^^^). (3.15) 

Adding the relations for the + and — signs, we obtain 

^mm(p -5) + Smm(p + s) < 2E;(np, F^^^^) + 2E{up,T+^^) = 2E{up) = 2E^^{p). 

On the other hand, by assumption (3.12), E'min(p — 5) + E'min(p + s) = 2E^(?ip), which is only 
possible if we have equality in (3.15), i.e. if we have identities (3.14). □ 

Corollary 3.3. Assume that assumption (3.12) holds and that, for some < pi < p < p2, the 
infimum E'min(p) is achieved by some map Up. 
i) There exist real numbers ai 7^ a2, such that 

dNUp = 0, on X (01,02). 

a) The infimum E'min(p) is achieved for some < pi < p < p2. 
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Proof. Since for every s such that (p — 5, p + s) C {pi,p2), the infimum i^minCP i 5) is achieved 
by T^g^Up, the map T^^^^Up solves (TWc) for some c > 0, and hence is smooth by Lemma 2.1. 
Since T^(^^-^up is obtained through a reflexion of Up along the hyperplane of equation x„ = 0(5), 
T^g^Up is of class if and only if 

d^up = on M^^^ X {a(5)}. 

The proof of statement i) follows letting 5 varies. For statement ii), we notice that the infimum 
-E'min(q) is achieved for every q G (p — s,p +s), where s is such that (p — 5,p +s) C (pi,p2). The 
conclusion then follows from a continuity argument. □ 

Proof of Lemma 2 completed. We assume (3.12) , and for the sake of contradiction, that for some 
0<pi <p<p2, the infimum Emmip) is achieved by some function Up. In view of Lemma 3.6, 
we have c < \/2- The analyticity of Up, provided by Proposition 2.3, and Corollary 3.3 yields 

dNUp = on M^, 

so that Up does not depend on the variable xjy. In particular, the energy would be infinite, 
unless Up is constant, that is p = 0, which gives the desired conclusion. □ 

3.4 Proof of Theorem 3 

The proof of Theorem 3 readily follows the arguments of Lopes in [34], and involves, as in the 
quoted reference, symmetries with respect to hyperplanes. If e is a unit vector in , and if We 
denotes the orthogonal to e, i.e. We = (Me)"*", we consider, for any a G M, the affine hyperplane 
Ki,e = {ae} + We containing ae and parallel to We. Let Sa,e be the symmetry with respect to 
Va^e- The main ingredient in the proof of Theorem 3 is 

Lemma 3.8. Let e be a unit vector such that (e, ei) = 0, where ei is a unit vector on the x\-axis. 
There exists a number a G M such that Up is symmetric with respect to the hyperplane Va^e, that 
is 

Up = Up o Sa,e- 

Proof. We may assume without loss of generality that e = cat is a unit vector on the XAr-axis 
and use the notations and results in the proof of Lemma 3.5. If follows from (3.9) applied to 
a = |, that there exists some a G M such that 

p{T+Up) = p{T-Up) = 2a = p. (3.16) 

In view of (3.8), we have 

E{Ttup) = 2E{up,Yt). 

so that by summation, we obtain 

E{T+Up)+E{T~Up) = 2E{up), 

whereas by minimality of Up and (3.16), we have E{T^Up) > E[up). It follows that 

E{T+Up) = E{T-Up) = E{up) = S^i„(p), 

so that T^Up and T~Up are minimizers for E^\a{p)-, hence solutions to (TWc) for some c > 0, and 
therefore real-analytic. Since they coincide with Up on (resp. F~) , they coincide everywhere, 
that is Up = T^Up = T~Up, which yields the desired conclusion. □ 
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Remark 3.2. An alternative approach would be to use a unique continuation principle for 
elliptic operators instead of analyticity. 



Proof of Theorem 3 completed. In the two-dimensional case, Lemma 3.8 (with e = 62) already 
provides the proof, since in that case, it is sufficient to translate the origin to the point a = (0, 02) 
to conclude. In dimension three, the argument is a little more involved. We first apply Lemma 
3.8 with e = 62, to find some number 02 such that 

up = Up ° Sa2,e2- 

Next we consider some angle a S [0, |], and the unit vector = cos(a)e2 + sin(a)e3. Applying 
Lemma 3.8 with Cq, we find a number Oq, G M such that 

Up = UpO Sa^^ea- 

Notice that /?2a = Sa^^ea ° Sa2,e2 is an affine rotation with axis D parallel to ei, and angle 2a. 
In particular, if Q denotes the group generated by the rotation R2a-, then 

Up = Up o g,\fg e G. (3-17) 

If a is chosen so that ^ is irrational, then 2aZ + 27rZ is dense in M. In particular, denoting i?^, 
the affine rotation with axis D and angle /3, there exists a sequence of rotations {gn)neN in G 
such that 

dnix) — > Ri3{x), as n — > +00, 

for any x G M^. Taking the limit n — > +00 in (3.17), we are led to the identity Up = Up o Rp^ 
so that Up is axisymmetric around axis D. This completes the proof of Theorem 3 in dimension 
three. □ 

3.5 An upper bound for i?min(p) in dimension two 

In this subsection, we prove 

Lemma 3.9. Assume N = 2. There exists some universal constant Kq such that we have the 
upper bound 

^min(p) <V2p- ^^p3 + Kop\ (3.18) 

for any p sufficiently small. Here, Skp denotes the action S{w) of the ground-state solutions w 
to equation (1.10). 

Proof. We construct a comparison map using the formal scaling given by (1.11). We start with 
a non-trivial solution w to equation (1.10), which is a scalar function, and construct phase and 
modulus for the comparison map. For that purpose, we recall that, by [10, 11], w is a smooth 
function and belongs to L'^{M?) for any q > 1. Moreover, its gradient belongs to L'^{M?) for any 
g > 1 as well. Its Fourier transform satisfies the relation 

i^iO = Ij^^^m. (3.19) 

As a consequence of (3.19), there exists a smooth function v which solves w = div. Indeed, at 
least formally, the distribution v whose Fourier transform is given by 

^(^) = -^^2^^'(^)' (3.20) 
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has the desired property. More precisely, the necessary properties of v can be deduced from 
properties of the kernel Hq given by 



First, we notice that, by Theorems 3 and 4 of [24], the kernel Hq belongs to L'^(M?) for any 
2 < q < +00. Since the function w'^ as well as any of its derivatives is a smooth function in 
L^(M?) n L°°(]R^), the map v defined in (3.20) is also smooth and belongs to L'^{R'^) for any 
g > 2, and then relations (3.19) and (3.20) yield as expected w = div. We also deduce that the 
gradient of v belongs to L'^{]R?) for any q > 1. Indeed, the first order partial derivatives of v are 
given by 

By Propositions 1 and 2 of [24], the kernels Hj defined by 



60 



belong to L^(M^) for any l<q<3, ifj = l,l<(?<|, otherwise. Since w"^ is in L^(M^) for 
any q > 1, the function Vv does belong to L''(]R^) for any g > 1. 

We are now in position to define a comparison map making use of the formal scaling (1.11) 

We = QeGXpi^e, (3.21) 

where and ip^ are the functions defined by 

te2 / e2 



Qe{xi,X2) = I - —w\ exi,—X2] , (3.22) 



te f 



and 

'^e{xi,X2) = ^v\^Xi,^X2j. (3.23) 

Here, t denotes some positive parameter to be fixed later, whereas the constant e is chosen so 
that the identity 

P = ^ / (3.24) 

holds. We claim that the map belongs to VF(]R^). Indeed, the integrability properties for v 
and w first show that the functions — 1, V^^ and Vip^ belong to L'^(]R^) for any g > 1, whereas 
is in L'?(M^) for any g > 2. On the other hand, it follows from definitions (3.21), (3.22) and 
(3.23), and the boundedness of v and w that there exists some constant K > Q such that 

|Re(u;J - 1| = \geCos{ipe) - 1| < K{\ge - 1| + y??), |Im(7i;J| = |£>, sin(v3,)| < K\Lpe\, 

|VRe(w;,)| < K(|V^,| + ly^^l I V(^,|) , |VIm(u;,)| < K{\V^e\ + We\\^ge\), 



so that We does belong to W{ 

The next step is to determine the value of the parameter t so that p{we) = p. For that 
purpose, we compute the momentum of w^ making use of formula (1.6). This gives 

p{we) = — [ w^ -— [ w^. (3.25) 
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Therefore, there exists a positive number tp such that 

p{We) = p. 

We expand tp using equations (3.24) and (3.25) 

On the other hand, using definition (3.21) and formula (2.41), the value of E{we) is given by 



4:V2Jr2 J V 32^/2 7r2 16^ 

Since for t = tp, p{w^) = p, we may invoke the definition of -E'min(p) to conclude that there exists 
some constant K > Q only depending on w such that 
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By (3.24) and (3.26), we are led to 

^mi„(p) <V2p(^ + A2{w)p^^ + Kp\ (3.27) 

where the number A2{w) is given in view of (1.9), by 

Ekp{w) 



A2{w) = 2592 



( /r2 



In order to complete the proof of inequality (3.18), we optimize the value of the constant A2{w) 
with a suitable choice of the solution w to equation (1.10). For this purpose, we first relate the 
coefficient A2{w) with the action S{w) of the considered solution w. By [10, 24], the following 
equalities hold 

Ekp{w) = -\ f w\ and S{w) = \ f (3.28) 

so that 

. . ^ 48 
A2(w) -- 



s{wy 

Since S{w) > by the second equation of (3.28), it remains to minimize the action S{w) among 
all non-trivial solutions w to equation (1.10). In view of the definition of ground states, the 
minimizer Skp is precisely the action of a ground-state solution to equation (1.10), so that the 
optimal inequality provided by (3.27) is exactly (3.18). □ 
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4 Properties of solutions on T 



The purpose of this section is to present a number of results concerning solutions to (TWc) 
on the torus which are of presumably independent interest. Many of the results presented here 
have already been derived elsewhere (in particular in [3]), possibly in a slightly different form. 
In order to be self-consistent, we wish to give here a self-contained presentation. Since many of 
the results in this section are valid in higher dimensions, we consider more generally the torus 
in dimension A^, and let v = he an arbitrary non-trivial solution to (TWc) on T,^. 
As we have seen in the introduction, working on tori has a number of important advantages. 
The first one is that they are compact, allowing to establish quite easily existence of minimizing 
solutions. The second one is that the torus has some invariance by translation. Working on 
tori introduces however a number of small new difficulties. Some of them are related to the 
identification ~ [— 7rn,7r7i]^, which we will clarify next, as well as we recall the notion of 
unfolding. 



4.1 Working on tori 



Working on tori presents a number of peculiarities which we would like to point out in this 
subsection. We begin with the usual definition = M^/(27rnZ)^ obtained by the identification 

N 

X ~ x' if and only if x — x' G (27rnZ)^. For a = (ai, . . . , on) G M^, the cube Ca = H [—vrn + 

i=l 

Oi, 7rn+aj[ contains a unique element of each equivalence class {Ca is often termed a fundamental 
domain). It may therefore be identified with T^. Given a G M^, the unfolding Tq of 
associated to a is by definition the one-to-one mapping 



p = [(xi + ai, . . . ,XN + a^v)] 



= [—vrn, vrn 
(xi, . . . ,XAr). 
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This corresponds to a translation of the origin in M^, and thus on the torus. For a given function 
/ defined on T^, each unfolding Tq, induces a 27rn-periodic function /„ defined on . 

In some computations (in particular, dealing with integration by parts for functions which 
are not necessarily all periodic), we will need to estimate boundary integrals. The following 
lemma provides a choice of a "good" unfolding of the torus, by averaging. 

Lemma 4.1. Let f be a 27rn-periodic function of L^{Q^), and let A be a subset of [—vrn, vrn]. 
There exists some in [—vrn, vrn] \ A such that 



f{x)dx 



< 



2irn 



- 1^1 Jns 



In particular, we may find an unfolding Tq, of the torus such that 

2 



x)\dx. 



(4.1) 



[— 7rn,7rn]-'^~i X {— 7rn,7rn} 



fa{x)dx 



< 



27rn - \A\ 



\f{x)\dx, 



and 



fa{x)dx 



< 



2vrn - 1^1 



+ 



N -1 



vrn 



\f{x)\dx. 



Proof. Integrate the l.h.s of (4.1) for G [—vrn, vrn] \ A and use the mean-value theorem. □ 

Remark 4.1. The trace of fa is well-defined for almost every unfolding. In the sequel, we will 
no longer distinguish / and fa- this hopefully will not lead to any confusion. 
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Remark 4.2. Recall that, on = -^^(T^), we have defined the momentum as 

Pniv) = \ I {idiv,v). 

For a map u in the space 

^{ue H\^^,C),u = 1 on aO^} C X^, 

we claim that we have 

Here, the Jacobian Ju of u denotes the 2-form defined on by 



Pn{u) = m^{u) = I I (Jn,Ci). (4.2) 



Ju = -d{u X du) = {diU X dju)dxi A dxj, 



l<i<j<Ar 

and Ci denotes the 2-form defined on $7^ by 

2 ^ 



Ci(x) = -y ^Xidxi A dxj. (4.3) 

1=2 

Finally, (•, •) stands for the scalar product of 2-forms. Claim (4.2) reduces in fact to an integration 
by parts. Indeed, we write 

2{JuXi)dxi A ... AdxN = d{u x du) A*Ci = x du) A*Ci) + (^^ x du) A(i(*Ci), (4-4) 

where ★ denotes the Hodge-star operator for differential forms. The special choice of Q\ yields 
the identity 

(u X du) A (i(*Ci) = 2{idiu, u)dxi A ... A dxj\f. 
Combining with (4.4) and integrating on the torus, we are led to 

{idiu,u) - I (Jm,Ci) = -^/ (u X du)j a i*Ci)j . (4.5) 

If u belongs to , then the boundary term is zero, and claim (4.2) follows. 

As we will see later, the term m„(n) explicitly appears in Pohozaev's formula. On the torus 
however, m is not well-defined (due to the fact that the 2-form (i is not periodic, and hence 
well-defined on the torus). We will circumvent this difficulty by choosing suitable unfoldings. 

4.2 Lifting properties and topological sectors 

In several places of this paper, we have to face the following situation. Let R > 1 and Iq G N* 
be given, and consider I points xi, . . ., X£ on with £ < Iq. Assume that we have 

\xi -Xj\> 2R, (4.6) 

for any i ^ j, and that v is a map in H^{T^) such that 

Hx)\ > ^, Vx G On{^)=T^\UB(^x,,^). (4.7) 

The problem we wish to investigate is the following: find conditions such that one may lift the 

i 

map V on On{R) = \ U B{xj,R) as v = gexpiip, with ip G H^{On{R))- In dimension three, 

i=i 

we have a simple answer. 
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Lemma 4.2. Assume N = 3. Given any numbers E > 0, R > 1 and (.q > 1, there exists a 
constant n{E,R,£o), such that if n > n{E, R,£q), and v £ i?^(T^,C) satisfies (4.6), (4.7) and 

En{v) < E, (4.8) 

then V = \v\eyipiip on On{R), with tp £ //^(0.„(i2),M). 

Proof. We consider first a special case. 

Case 1. C'n(R) = T^, i.e. |v| > ^ on T^. In this case we may write v = \v\w, with \w\ = 1, and 
perform the Hodge-de-Rham decomposition of ti; x dw. Since d{w x dw) = 0, the Hodge-de-Rham 
decomposition is written as 

3 

w X dw = dip + "y^^ajdxj, 
i=i 

where ip is a //^-function, each aj is a real number, and dxj stands for the canonical harmonic 
forms on T^. One then checks that 



.3 

w{x) = exp i (^(p{x) + a 



3 



k • 

for some constant € M. Periodicity implies that aj has the form aj = for some integer kj. 
The L^-orthogonality of the Hodge-de-Rham decomposition yields 

3 

\\w X dw\\l2^j3j = \\M\h(ri) + 8TT^ri^k], (4.9) 

i=i 



which implies by (4. 



|2 



E 



Choosing n(£;, 0, 0) = -^E, the previous inequality implies kj = for n > n(i?, 0, 0). On the 
other hand, it follows from (4.9) that ip £ i7^(T^,M), so that the conclusion of Lemma 4.2 
holds. 

Case 2. The general case. Arguing by a density argument, we may assume without loss of 
generality, that v is smooth. Next we claim that there exists a map v = \v\w, with w = 1, such 
that \v\ > ^ on T^, and 

V = v onOn{R), (4.10) 

and 

\\Vw\\l,(^^sj<K{RJo)E{v), (4.11) 

where K(R,io) is some constant depending only on R and ^o- The conclusion then follows 
using the argument of Case 1 for the function v. In particular, it only remains to prove Claims 
(4.10)-(4.11). 

□ 

Proof of Claims (4.10)-(4.11). The construction of v relies on some standard topological argu- 
ments. Using the mean- value inequality, there exists some radius ^ < Rj < R such that 



/ 

JdB( 



e{v) < -I / e{v). (4.12) 



Xj,Rj) RjB(xj,R) 



45 



On the other hand, f is a continuous function on dB{xj, Rj) such that \v\ > ^, so that it can 
be written as v = gexpiip on dB{xj,Rj). Denoting Qj, resp. (pj, the harmonic extensions of g, 
resp. if, on B{xj,Rj), we consider the function v defined by 

V =v on T„ \ U B(xi,Ri), 

" J=i ^ ^ (4.13) 

i; =gj expiipj on B{xj,Rj), 

so that satisfies (4.10), and |{;| > ^ on T,^ (by (4.7) and the maximum principle). Moreover, 
using standard trace theorems, the harmonicity of (pj gives 



f \yw\^ = I \V^j\^<K{R)f \V^\'^<K{R)[ 

where K{R) denotes some constant only depending on R, so that, by (4.12) 



/ |V'u;p < K{R) [ e{v). 

JB(xj,Rj) JB(xj,R) 



Claim (4.11) then follows from definition (4.13), and the fact that i < Iq. □ 

In dimension two, the situation is very different. In particular, the minimal energy of har- 
monic 1-forms does not depend on the size n of the torus (by conformal invariance of the energy), 
so that the statement of Lemma 4.2 does not extend. As an example, one may take for instance 
the map v„ = expi^, whose energy does not depend on n, and which is not liftable. However, 
when the energy is small, the situation is parallel to the three-dimensional case. 

Lemma 4.3. Assume N = 2, and consider a function v G -ff^(T^) such that E{v) < Eq = 
and ^ 

\v\ >^on Tl, 

then V = |?;|expi(/9 on T^, with tp G //"^(T^,R). 

Proof. The proof is identical to Case 1 of the proof of Lemma 4.2, apart from equation (4.9), 
which becomes here 

3 

\\w X dw\\l2^j2^) = ||d¥?|||2(T2) +4^2^/c|, 

so that 



Hence, the numbers kj are identically equal to 0, so that the conclusion of Lemma 4.3 holds, 
following the lines of Case 1 of the proof of Lemma 4.2. □ 

If we wish to have a lifting property when the energy is not small, we need to restrict the class 
of test maps. Indeed, although the zero set of Ginzburg-Landau maps on may be not empty, 
a restriction on the Ginzburg-Landau energy allows us to define a notion of degree with suitable 
continuity properties. First, notice that by Sobolev's embedding theorem, for v G if^(T^) and 
j G {1,2}, the restriction v to In,r is continuous for almost any r G [— vrn, vrn], where we have 
set 

ll,r = {r} X [-vr7i,7rn] ~ and ll = [-vrn, vrn] x {r} ~ S^. 
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In particular, if v does not vanish on In.r, in view of periodicity, we may define the degree of 

restricted to In,r- Denoting B^{v), the subset of numbers r in [—ttti, vrn] for which the restriction 
of V to In r is continuous and does not vanish, we set 



^d,42 ^ e ^1(^2), s.t. Vj G {1,2}, 35^- C B^{u), s.t. | ^f\-^J^^ TI . 

deg{u,Ii^r) = dj,yr G 



for any (^1,^2) G Z^- It fohows from this definition that Tn''"^^ HTn^''^'^ = if (di, (^2) / (d'l, 4), 
and U T^^H^{Tl). In the introduction, we have introduce the set 5^, which we next define 



as 

5° = rO'O. (4.14) 
We claim that if a map v in satisfies suitable topological assumptions, then v has a lifting. 
Lemma 4.4. Assume N = 2, and that f G 5^ = Tn^ satisfies (4.6), (4.7) and 

deg(^,5S(x,-,i?)) =0,Vj G{l,...,n- (4.15) 

Then, there exists a constant n{R,£o) depending only on R and Iq such that, if n > n{R,£o), 
then V = \v\ex.piip on On{R), with G /^^(©^(i?), M). 

Proof. The proof is very similar to the proof of Lemma 4.2. Using (4.15), we may construct in 
the three-dimensional case as in the two-dimensional case a map v satisfying (4.10), and such 
that \v\ > ^ on T^. Moreover, since i < Iq, we may check that v belongs to 5^ for n sufficiently 
large, so that we may restrict ourselves to the case On{R) = T^. In this situation, denoting 
V = \v\w, with \w\ = 1, the argument of Case 1 of the proof of Lemma 4.2 gives that there exist 
a function ip G i/^(T^), a constant 9 and integers kj such that 

2 

w{x) = exp i {^{x) + ^ + 6^ , 

for any x G T^. It follows that v is in Tn^'^^, so that ki = k2 = 0, which completes the proof of 
Lemma 4.4. □ 

We will use the following consequence in the spirit of Lemma 4.3. 

Corollary 4.1. Assume N = 2, and that f G 5^ satisfies (4.6), (4.7) and 

En[v,On[^)) <^-. (4.16) 

Then, there exists a constant n(i?, £0) depending only on R and io such that, if n > n{R,iQ), 
then V = |i)|expi(/9 on On{R), with ip G H^{On{R),^). 

Proof. Corollary 4.1 is a direct consequence of Lemma 4.4, once it is proved that assumption 
(4.15) is a consequence of assumption (4.16). This last fact follows from a direct computation 
of the topological degree of on dB{xj,R). Indeed, by the mean- value inequality, there exists 

some radius ^ < rj < R such that 
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so that by Cauchy-Schwarz's inequality, 



' dB{xj ,rj) 

However, the topological degree of on dB{xj,rj) is defined by 



' 27r JoB(x,,rA \v\ ^\v\ 



dB{xj ,rj) 

where r denotes the properly oriented unit tangent vector to dB{xj,rj). Hence, we have by 
(4.7), (4.16) and (4.17), 

de,(^,S5(.„.,)) < i l^^^^^^^ ^ < < 

so that 

Since v does not vanish on B(xj,R) \ B(xj,rj), assumption (4.15) holds. The conclusion then 
follows invoking Lemma 4.4. □ 

It remains to verify that these sets have appropriate properties with respect to the methods 
of calculus of variations. For that purpose we restrict ourselves to the sublevel sets En^A of 
iJi(T2) defined by 

En,A = {n G H\Tl), s.t. S„(n) < A}. 

and set 

Qdi,d2 _ 771 , r^rpdi,d2 
'^n,A —^n,Al\J^n 

The following result was readily proved by Almeida (see Theorem 6 in [1]). 

Theorem 4.1 ([1]). Let A > be given. There exists an integer ua, such that for every n > ha, 
we have the partition 

En,A= U Snt- 

{di,d2)ez2 

Moreover, the degree application 

deg : En,A ^ 

u 1-^ deg(u) = (di(ti), d2{u)) 

is continuous on En^A, so that S'^'^'^ is a closed subset of H^iT'^), whereas S'^^f ^ = {u G 
H^{Tl), s.t. En{u) < K]r\Tt''^^ is an open subset of H^{Tl). 

Notice that in [1] there is a small parameter e > appearing in the energy functional. In our 
case, e corresponds to e = and one recovers the context of Theorem 6 in [1] (in the particular 
case of the torus = R/(27rZ)) performing the change of scale x = ^, with the exception of 
one major difference. Indeed, the sets Tn^''^'^ are defined in [1] by 

The difference in the assumption on the length of the sets Bj comes from the fact that the 
proof performed in [1] requires that the sets Bj are at some distance larger than ^ (| in the 
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e context of [1]) from the boundary of a suitable unfolding of the torus T^. However, it can be 
proved using exactly the same arguments as in [1] that this assumption can be removed by a 

3 1 

less restrictive one, where the sets Bj are at some distance only larger than in the e 

context of [1]) from the boundary of a suitable unfolding of the torus T^, so that Theorem 6 in 
[1] extends to the case considered here. 

4.3 Pointwise estimates on 

Our first result provides local bounds. For a domain U C T^, we consider the local energy 
density 

As for the whole space, we have on the torus the pointwise estimates. 

Lemma 4.5. Let n G N*, and let v be a finite energy solution to (TWc) on T^. There exist 
some constants K{N) and K{c, k, N) such that 

1 - h 



< max -I 1, 



'2}' 

2 3 

v^iiioo(xiv) <i^(iv)(^l+^)^ 



and more generally, 

Ibllcfe(TJV) < K{c,k,N),\fk £ N. 

Lemma 4.6. Let n G N* and r > 0. Assume that v is a finite energy solution to (TWc) on 
. There exists some constant K{N) such that for any xq E T^, 

"2x2 . , _^ KiN) 



1 



L°°(B{xo,§)) 



< max [k{N) (1 + En {v, B{xo,r)) , -^E^ {v, S(xo, r)) ^ } , 



The proofs are, almost word for word, identical to the proofs of Lemmas 2.1 and 2.2 respec- 
tively. Therefore, we omit them. 

4.4 Upper bounds for the velocity 

We first notice that, if v is non-constant, there is at most one value of c for which v might be a 
solution to (TWc): we sometimes emphasize this fact writing for a non-trivial solution c = c{v). 
We consider next, for a solution v to (TWc), the discrepancy term 

T,n{v) = V2pn{v) - En{v). 

The main result of this subsection asserts, that, in dimensions two and three, if Tin{v) > 0, the 
speed c{v) can be bounded by a function of T,n{v) and the energy En{v). More precisely, we 
have 

Theorem 4.2. Assume N = 2 or N = 3, and let Eq > and T,q > be given. Let v be a 
non-trivial finite energy solution to (TWc) in X^nS^, resp. X^, with c = c{v) £ R, En{v) < Eq 
and 

< So < ^n{v). 

Then, there is some constant no G N depending only on Eq and Sq such that, if n> no, then 

|S„(t))| 

where K > is some universal constant. 
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Remark 4.3. In contrast with the results in [19], which asserts that every finite energy solution 
to (TWc) with c > \/2 is constant, the corresponding result is presumably not true on general 
tori. 

The proof of Theorem 4.2 relies on Pohozaev's formula, which we specify next for solutions 
to equation (TWc) on the torus T^. 

Lemma 4.7. Let n G N*, and let v be a solution to (TWc) on . We have, for any unfolding, 



N 



\Vv\ 



nn 



N 

T 



(1 



\2\2 



c{v) 



N - 1 



\Vv\^ (1 

-IT- + — 



\2\2 



2 

diyV ■ 



{Jv,Ci 

N 



Uv 



(4.18) 



where (i is the 2-form defined by (4.3). 

Remark 4.4. 1. Notice that Ci is not periodic and therefore (4.18) depends on the choice of 
the unfolding. 

2. Identity (4.18) actually holds for any subdomain Li C 0^ replacing the integrals on $7^ by 
integrals on U, and the boundary integrals by integrals on dU. In particular, if < i? < vrn, 
then B{0,R) C O,'^ and Pohozaev's identity yields the inequality 



N 



1^ ,2 ^ 

VuP + — 



B(0,R) 



(1 



|2\2 



N - 1 



[ {Jv,Ci) 


<r[ e{v 


Jb(o,r) 


JdB(Q,B) 



The starting point in order to prove Theorem 4.2 and to bound c{v) is formula (4.18). The 
use of this formula requires to have an upper bound of the boundary terms on the r.h.s as well 
lower bound for the quantity 



{JvXi 



(4.19) 



which depends on the unfolding. We have already noticed that (4.19) is related to the momentum 
Pn{v) (they would actually even be equal if v were constant on dQ^). An appropriate choice of 
the unfolding allows to obtain the suitable bounds as the next proposition shows. 

Proposition 4.1. Assume N = 2 or N = 3, and let Eq > be given. Let v be a non-trivial 
finite energy solution to (TWc) in n S^, resp. X^, with En{v) < Eq. Given any 6o > 0, 
there exists a constant ng G N depending only on Eq and 6o, such that, if n > uq, then there 
exists an unfolding ofT^ such that 



Pn{v) - \ f {Jv,Ci) 



and 



n 



eiv) < 2 



e{v). 



(4.20) 
(4.21) 



For the proof of Proposition 4.1, we invoke several elementary lemmas. The first one is used 
throughout the paper. 

Lemma 4.8. Let L be an interval ofM, such that \I\ > 1. Given any 5 > 0, there exists a 
constant no{5) > 0, such that if u £ H^{M.,C) satisfies 



e{u) < no{5), 



then 



\u\ 



< (5 on /. 



(4.22) 
(4.23) 
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Proof. By the energy bound, we have 



(4.24) 



Hence, from the inequahty ab < ^(a^ + 6^), it holds 



^ iV^zlll - \u\'\ <^J^ \Vu\' + X /^^ " - 



that is 



|VC(|n|)| < 



where the function ^ is defined by ^(t) = t — y. In particular, ^ has a strict local maximum 
at t = 1. Going back to (4.24), the mean-value inequality and the fact that |/| > 1 yields the 
existence of some point xq £ I such that 

\l-\u{xo)\^\ <2^. 

Combining both the previous inequalities, we deduce that 

sup e(|^(x)|)-e(l) < [\Va\u\)\ + \l-\u{xo)\ 2 - \u{xo)\ - \uixo)\^ <(^ + y2)^o, 

from which (4.23) follows invoking the coercivity of ^ at t = 1. □ 



Lemma 4.9. Let u be in H^{[a,b\) with \a — b\ > 1, such that u = gexpiip, with ip{a) = (p{b). 
Assume moreover that for some < S < ^, u satisfies (4.22). Then, we have 



{iii, u) 



Proof. Since by assumptions, u = pexpiip on /, we have 

{iu,u) = —p'^(p, and \u\^ = p^(p^ + f? . 

We next compute 

V2 



(in, n) 



< 



1-5 Ji 



e{u), 



where we used the results of Lemma 2.3 and Lemma 4.8 for the last inequality. 
In dimension two, a related result is 



□ 



Lemma 4.10. Let < (5 < ^ be given. There exists some constant pi{5) > 0, such that, for 
any map u G H^(T'^) which satisfies 



we have the estimate 



e{u) < pi{6), 



I {id,u,u)\ < [ e{u),yj G {1,2}. 



(4.25) 
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Proof. If we knew that < 1 — 5, then the proof would essentially follow the same arguments 
as the proof of Lemma 4.9. However, in contrast with the one-dimensional case, smallness of 
the energy does not allow to draw that conclusion. To overcome the difficulty, we introduce an 
approximation of u for which the proof of Lemma 4.9 applies. Indeed, for A > 1 given to be 
determined later, we consider a map ux G H^{T'^^,C) solution to the minimization problem 



Fx{ux)=mi{Fx{v),v G H\tIC)} 



where 



= ^ [ \u-v\'^+ [ e{v). 



Existence of ux is straightforward. By minimality of ux, we have 



- / |n-nA| + 

I Jfl ./T2 



e{ux) < I e{u), 

T2 JT2 



(4.26) 



and the Euler-Lagrange equation writes 

-Aux = X{u - ux) + ux{l - liiAp) on T^. 
In particular ux is smooth. We compute the difference 

{idjUx,ux) - {idjU,u) = {idjUx,ux - u) + {idj{ux - u),u), 
so that integrating by parts, we are led to the identity 



{idjux,ux) - {idjU,u] 



{idjUx, ux-u) + {i{u - ux),dju) 



and hence 

{idjUx,ux) - {idjU,u) 



< h-Ux\\mTl){\\^u\\L2(^j2j + \\Vux\\L2iT2j^ -7x1^2 



(4.27) 

where we have used (4.26) for the last inequality. We choose therefore the value of the parameter 
A = A((5) so that 

1 1 / 1 1 \ , , 

(4.28) 



y^X(6) 2V2\l-S 1 

For this choice of A, we claim that there exists a constant > 0, such that, if (4.25) is 

satisfied, then 

5 



(4.29) 



We postpone the proof of Claim (4.29), and complete the proof of Lemma 4.10. Indeed, invoking 
Lemma 4.3, and using (4.25) and (4.26), with fii{6) sufficiently small, we can assume that ux is 
written as ux = gexpiip on T^, with ip G H^{T^). In view of Claim (4.29), the same argument 
as in Lemma 4.9 then shows that 



T2 



{idjUx,ux) 



< 



V2_ 

1 - 1 JV. 



so that the conclusion follows from (4.27) and the choice (4.28) of X{5). 



□ 
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Proof of Claim (4.29). We write 

,(1 - IuaI')! < 2(|l - \ux\^\l{\u,\<2} + {Wx\^ - 1)^1{|«.|>2}), 



so that if u satisfies (4.25) with < fii{S) < 1, then 

\\u.{l - < 2(||1 - + 111 - |n.p||i(,,J < lo( J^^ e(n)) 



By (4.28), we have 



l|A(n - ma)||l2(t2) < A(5(^y^^ e(u)J , 

so that 

1 

||An,||^^^^4^^^^<10(A5 + l)( I e{u) -' 

By (4.26), we are led to 



IIVuaII , 1 4, , < K(X5 + 1){ / e(u) 
where K is some universal constant, so that, by Sobolev's embedding theorem, 

for any point x G T^. It follows therefore from Morrey's embedding theorem that we have 
\uxix) - uxiy)\ < K{X6 + l)(^j^^ eiu)y \x - y\^ < K {X6 + I) nii5)^x - y\^ , 



for any |a; — y| < 1. To conclude, assume by contradiction that there is a point xq such that 
- |. Then, we h 

16X2(A<5+l)2/xi(5)- 



|iiA(3;o)l !^ 1 — |- Then, we have |iiA(a^)| < 1 — j for any x G B{xo,ro), where the radius ro is 
given by ro = ^aK^^(^xLy2„^(x^ , so that integrating, we obtain 



/ (l-|nA|T> 

J B(xo,rn) 



2x2 ^ ^''0<^^ _ ^(^^ 



J(xo,ro) 16 (16)3i^4(A5+l)Vl(5)2' 

which implies using (4.25), 

and leads to a contradiction if the number ^i{5) is chosen sufficiently small. □ 

We are now in position to give the proof of Proposition 4.1. 

Proof of Proposition 4-1- The starting point is formula (4.5), the main point being to estimate 
the boundary term. Since the computations depend on the dimensions, we distinguish two cases 
AT = 2 and iV = 3. 
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Case 1. N = 2. We have Ci = —2x2dxi A dx2, so that •k(^i = —2x2. Inserting this identity into 
(4.5), we obtain 



{idiv,v) — / (Jf,Ci) = 



>1 



[— 7rn,7rn] X {— 7rn,7rn} 



{idiv, v). 



(4.30) 



for any unfolding of the torus. Let 5 > be fixed, to be determined later, and consider the 
subset A of [— vrn, vrn] defined by a G A if and only if 



■TTn,nn] X {a} 



e{v) > 



where fJ-o{S) is the constant provided by Lemma 4.8. Notice in particular that by integration 

(4.31) 



^4 < -^Mv) < ^ <27rn4, 



as 



soon as n > ( tt/^I^) ) ^ ■ Using Lemma 4.8, it follows that 



\v\ > 1 — (5 on [— vrn, vrn] x {a}, 



for any a G [—vrn, vrn] \ A. Since v G 5^, the topological degree of is equal to on [— ttji, vrn] x 

3 

{a}, for any a in a subset B of [—vrn, vrn] \ A with |-B| > 2vr(n — 2n^) by (4.31), so that v may 
be written as 

V = \v\eyi'picj) on [-vrn, vrn] x {a}, (4.32) 

for any a & B. We next apply Lemma 4.1 to the function / = e{v) and the complementary B^ 
of the set B. This yields an unfolding of the torus such that itvrn ^ A, 

1 



nn,nn] X {— 7rn,7rn} 



e{v) < fio{6), 



[— 7rn,7rn] X {— 7rn,7rn} 



e{v) < 



vr n 



2n4) 



^n(t^), 



and 



dm 



e{v) < 



vr n 



-2n4) Trn ' 



Invoking (4.32) to apply Lemma 4.9 to this choice of unfolding, we have therefore 

nV2Ejv) 



n-K 



We first fix (5 < ^ so that 



[~nn,nn] X {— 7rn,7rn} 

26-6^ 



{idiv, V 



< 



Equation (4.34) becomes 
nvr / 

J [—im,TTn] X {— 7rn,7rn} 

and equation (4.33) gives 



(1-5)2 

{idiv, V 



(n - 2n4)(l - 5) 
Eq < V260. 

V2 



(4.33) 



(4.34) 



< 



(1-6)' 



Eniv)<V2En{v)+25o, (4.35) 



n 



e{v) < ^ \, En{v) < 2En{v), 
g^N vr(l - d) 



for any n > ^ The conclusion then follows, choosing no > max -j^ ^ ^^^^^^ 
(4.30), (4.35) and (4.36). 



{(^ 



So 



(4.36) 

' , ^ I , and combining 
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Case 2. N = 3. In this case, the 2-form Ci is written as 
that -kd = —X2dxs + X3dx2, and 



-X2dxi A dx2 — x^dxi A dx^, so 



1 



/ {u X du)j A (*Ci)t = mry ^ / {idiu,u), 



2 Jaf^A^ 

where, for any i E {2,3}, the set Cj is the union of two squares, namely C2 = [— 7r?i,7rn] x 
{— vrn, vrn} x [— 7rn,7rn], and C3 = [— 7rn,7rn]^ x {— vrn, vrn}. The end of the argument is then 
essentially the same as in Case 1, replacing Lemmas 4.8 and 4.9 by Lemma 4.10, with the 
exception of one major difference. Indeed, the proof of Lemma 4.10 does not require to have a 
lifting of V, so that we can directly apply Lemma 4.1 to the set A (with ij,o{6) replaced by the 
constant /-fi((5) provided by Lemma 4.10) in the three-dimensional case. 

□ 

Proof of Theorem 4-2. We may assume without loss of generality that Pniv) > 0. Let (5o > be 
given, and consider the unfolding provided by Proposition 4.1 for any n > hq. It follows from 
(4.20) that 

1 



S„(7;)<^/ {Jv,Ci) + V26o. 
V2 Jqn 

Choosing 60 so that V260 < we are led to the inequality 



^n{v)<V2f {Jv,Cl) 



(4.37) 



for any n > uq. On the other hand, we may invoke Lemma 4.7 to assert that 
N-2 



which yields, combined with (4.21) and provided n > no. 



< vrn / e(f). 



\c{v)\ / { Jv, Ci) <KEn{v), 
for some universal constant K > Combining (4.37) and (4.38), we deduce 

\c(v)\'^n{v) < KEniv), 

which yields the desired conclusion. 



(4.38) 



□ 



4.5 Concentration of energy 

The results in this section are a first step towards the proof of Proposition 4. By a standard 
covering argument, we first deduce from Lemma 4.6. 

Lemma 4.11. Let cq > and Eq > be given. Let v he a finite energy solution to (TWc) 
on such that \c{v)\ < cq and En{v) < Eq. Given any 5 > 0, there exists a number ^0 G N 
depending only on cq, Eq and 5, such that there exists a finite number i{v) < io of points xi, 
. . ., in which satisfy 



1 



e{v)_ 



<6 on X„ \ U B{xi,l), 



and, for any i £ {1, . . . ,i{v)}, 



\v{xi)\ 



> 5. 



(4.39) 



(4.40) 
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Proof. It follows from Lemma 4.5 that v is continuous on T,^, so that the set defined by 

Vs = {x£ T^, s.t. |1 - bll > 6}, 

is compact, and is therefore included in a finite collection of balls B{xi,^) with Xj G V^. Using 
Vitali's covering lemma, there exists a finite subcollection of balls {B{xi, \))i<i<i[v) so that 

i{v) 

V5 C U B{xi,l), 

i=l 

and 

Sixi, \) nB(xj, I) =$,yi<i^j < £{v). (4.41) 



In particular, conclusions (4.39) and (4.40) hold for this subcollection. On the other hand, we 
deduce from Lemma 4.6 that 

En(v,B(^x^,^^^ >K{N,co,6), 
where K{N,co,6) is some positive constant depending on A^, cq and 5, so that invoking (4.41), 



Eo>Y,En(v,B(xi,^^'^ >K{N,co,6)£{v). 



Hence, there exists some integer ^0 S N depending only on cq, Eq and 5 so that £{v) < io, which 
completes the proof of Lemma 4.11. □ 

Considering clusters of the balls B{xi,l), and enlarging possibly the radius, we may assume 
that their mutual distance is even larger in view of the following abstract but elementary lemma. 

Lemma 4.12. Let X be a metric space, and consider i distinct points xi, . . ., xi in X. Let 

/Uo > and < k < ^ he given. Then, there exists // > such that 

and a subset {xjjjgj o/{xj}i<j<£ such that 

U B{x„fiQ) C U B{xj,fj.), (4.42) 
1=1 j&J 

and 

dist(xj,Xfc) >-,yjj^ke J. (4.43) 

Proof. The proof is by iteration, in at most i steps. First, consider the collection {2;j}i<j<£. 
If (4.42) and (4.43) are verified with fi = no, there is nothing else to do. Otherwise, take two 
points, say xi and X2 such that dist(xi, 2:2) < «^~^A*0) consider the collection {x2, ■ ■ ■ ,X£}, and 
set fi = 2K~^fj.Q. If (4.42) is verified, we stop. Otherwise, we go on in the same way. If the 
process does not stop in £ — 1 steps, at the £^^ step, we are left with one single ball of radius 
^ = 2^K~^/io, and (4.43) is void. □ 

We may specify Lemma 4.12 to the points xi, . . ., X£{v), provided by Lemma 4.11. It follows 
that there exists some 1 < < ( - I , and a subset J of {1, ... , £{v)} such that 

e(v) u 

U B{xi, 1) C U B{xj,n), and \xj - Xk\ > -,Vj ^ J. (4.44) 
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In particular, 



and for any j G J, 



\v\>l-6>-on Onifi) = T^' \ U 



(4.45) 



1 - \v{Xj)\ 



> 5. 



The main result in this subsection is 



Proposition 4.2. Let Eq, cq, 5 and v he as in Lemma ^.ii, and assume the points xi, 
xeiv), and the set J are such that (4.44) and (4.45) are satisfied, 
i) Let < K < There exists some radius ^ < < 2k such that 



En(v, U {B{xj,2R)\B{xj,R))) <2 



i6J 



ln{K)\ 



(4.46) 



a) If one may write v = gexpiip on Onip), where if is a smooth real-valued function, then there 
exists a constant K{cq) possibly depending on cq such that we have the estimate 



J 

JUr. 



^-{l-g^)d,^-e{v) 



<K{c^)(5 I 



+ II / M 
{2R) |ln(K)| 



(4.47) 



where Un{2R) = \ U B{xj, 2R). 

Hi) If moreover cq < a/2, and < 5 < 5{cq) = min | 2V\K{c^)+i) ' ^^^'^ 

Jun{2R) (2-cg)|ln(K)| 

Proof. For statement i), we set Rk = 2^ii for any A; > 1, so that /U < < provided 1 < A; < 

/cq — 1, where /cq is the largest integer less or equal to Since the sets B(xj, Rk-\-i)\B {xj , Rk) 

are disjoints, we have by summation 

fc()— 2 

En{v, U^{B{xj, Rk+i) \ B{xj,Rk))) < En{v). 

k=l 

In particular, there exists some integer ki G {1, . . . ,kQ — 2} such that 

eJv, U {B{xj,Rk,+i)\B{xj,Rk,))) < < ^^^En{v). 

\ j&j 



kn 



ln(K) 



Conclusion (4.46) follows from choosing R = R^-^ . 
We divide the proof of statement ii) into three steps. 

Step 1. There exists some constant K{cq) possibly depending on cq such that 

En{v) 



U„{2R) 



< K{co)-. 



ln(K) 



(4.49) 



Set, for any j G J, 



\dB{x 



1 / 

JdB(x 



dB(xj,R) 



and consider a smooth non-negative function x defined on M_|_ such that x(0 = 1) for any 
< t < 1, and xit) = 0) for any t > 2. We consider the map cp defined by 



•fix) = X 



R 



V'i + 1 - X 



R 



ip{x),yx G B{xj,2R), 
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and 

<f{x) = <f{x), elsewhere. 

Notice in particular that cp = ipj on the ball B(xj,R), and that an elementary computation 
based on Poincare-Wirtinger's inequality shows that 



JB{xj,2R) J B{xj,2R)\B{xj,R) \ 



i?2 



< K 



En{v) 



(4.50) 



B{xj,2R)\B{xj,R) 



where K is some universal constant. We now multiply the first equation in (2.43) by if on T,^ 
and integrate by parts. By (4.45), this leads to 



^ JUn(2R) JUu{2R) 



C{R) 



Q^VipVip 



C{R) 



<K{co){ I e{v) 
C(R) 



C(R) 



(4.51) 



where we have set CiR) = U (B(xi,2R) \ Bix^,R)). Invoking (4.46) and (4.50), the l.h.s of 
(4.51) can be estimated so to obtain inequality (4.49). 

Step 2. There exists some constant K{cq) possibly depending on cq such that 



Un(2R) 



g{l - Q^)diip 



[ (2q\Vq\'' + q{1 - qY) < K'ico) (5 I 

JU„{2R) V J \ JU 



+ II ( w 
U„iR) |ln(K)| 



(4.52) 



The argument is somewhat similar. We consider the function g defined on T„ by 



Qix) = x{ ]q,^[\~x[ ) ) Q^^)^^^ e i?(x,-, 2R\ 



R 



R 



and 



q(x) = q{x)^ elsewhere, 

where Qj = . /;)| JdB{x R) ^"^^ ^ ™ Step 1. Notice that g = gj on the balls B{xj, R), 
and as for (4.50), we have 

(4.53) 



/ |V^| 

JB(xj,2R) 



2 < K_En{v) 



ln(K) 



Moreover, since |1 — ^| <S outside U B{xj,R), it follows that 



N 



|1 - ^1 < 5 on 



(4.54) 



We now multiply the second equation in (2.43) by g — 1, and integrate by parts on T„ . This 
leads to 

/ (2g\Vg\' + gil - g''?-cg{l - g^)d,^) = [ gil - g'')\V^\'' 

- I hg'^f + g{i - g'){i - f) - cg{i - g^)di^) . 



Bounding the r.h.s of this equality using (4.45), (4.53) and (4.54), we derive inequality (4.52). 
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Step 3. Proof of estimate (4.47) completed. 

Since |1 — < 5 on U{2R), we first observe that 

0{i - Q^)di^ - {1 - Q^)di^ 



I 

Ju 



Un{2R) 



< K5 I e{v), 

'Un{2R) 



(4.55) 



and similarly, 



< K5 / e{v), 

'Un{2R) 



(4.56) 



2^,|V^>|2 + £,(l-^,2)2_2|V^|2_(l_g2^2 

'U„{2R.) " 

where K is some universal constant. Combining (4.46), (4.49), (4.52), (4.55) and (4.56), we 
deduce conclusion (4.47) . 

We finally turn to the proof of statement iii). In view of Lemma 2.3, we have 

V2 



[ (1 - e')d^^ <-r^J 



IUn(2R) 



e{v), 



so that (4.47) leads to 



K{co)5) [ e{v)<K{co)^^ 



and conclusion (4.48) follows. 



4.6 Subsonic vortexless solutions 



□ 



We next specify a little further the analysis assuming that the solution verifies the additional 
condition 

< c{v) < V2. (4.57) 

We set, for such a solution, e{v) = \/2 — c{v)^. As on the whole space , we have 

Proposition 4.3. Given Eq > 0, let v be a non-trivial finite energy solution to (TWc) in 
X^nS^, resp. X^, satisfying (4.57), and En{v) < Eq. Then there exists some integer uq only 
depending on Eq such that 



1 - \v\ 



> 



10 



, Vn > Uq. 



Proof. The proof is similar to the proof of Proposition 2.4, invoking Lemmas 4.2 and 4.4 to 
construct a lifting of v. Therefore, we omit it. □ 



5 Asymptotics of solutions on expanding tori 

Li this section, we consider the asymptotics n — > +oo for a sequence {v^)neN* of solutions of 
(TWc) on tori T^. Our purpose is to carry out the asymptotic analysis of the sequence, in the 
spirit of concentration-compactness. We assume throughout that there exists a constant K > 0, 
which is independent of n, such that, for any n G N, 

Eniv"") <K,0< pniv"") < K, and c(t;") < K. 

Passing possibly to a subsequence, we may assume, without loss of generality, that for some 
numbers E > 0, p > and c > 0, we have 



En{v'^) E, Pniv"-) P, and c{v'^) ^ c, as n ^ +oo. 
The main result in this section is 



(5.1) 
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Theorem 5.1. Assume N = 2 or N = 3, and let (f"')nGN* be a sequence of solutions of (TWc) 
in n5^, resp. X^, satisfying (5.1). Assume moreover that E > and 

0<c<V2. (5.2) 

There exist an integer depending only on c and E, i non-trivial finite energy solutions di, 
. . to (TWc) on of speed c with 1 < i < io, i points Xi, . . ., x^ , and a subsequence of 
{v'^)n&i* still denoted [v'^)n(^n* such that 



|x" — — > +00, as n ^ +oo, (5-3) 

and 

v^'i- + O ^ t)i(-) in C^{K), as n +oo, (5.4) 

for any 1 < i j < i, any /c G N, and any compact set K C M^. Moreover, we have the 
identities 

e e 

E= lim (^„(t;'^)) = V^(t),), andp= lim (p„(?;")) = Vp(Oi). (5.5) 

1=1 i=l 

In Theorem 5.1, the tori are identified with the subdomains of M^, using possibly 
a suitable unfolding, so that convergence (5.3) makes sense. We will also need a variant of 
Theorem 5.1 in the sonic case. 

Theorem 5.2. Assume N = 3, and let (?;")„gN« be as in Theorem 5.1 with assumption (5.2) 
replaced by 

c=V2. 

Let {) < 5 <1 be given. There exist an integer depending only on E, i non-trivial finite energy 
solutions t)i, . . ., to (TWc) on of speed V2 with < i < io, i points x^, . . ., x^, and a 
subsequence of (v'^)„gM* still denoted (f")„,gN* such that (5.3) and (5.4) hold. Moreover, there 
exist real numbers /-t > and u such that we have the identities 



E= lim {En{v'^'))=Y^E{x>i)+^l, siidp= lim (pn(t;")) = Vp(oO + z^, (5.6) 
and the inequality 



n— >+oo ^— ' n— >+oo 

i=l 1=1 



In- V2ij\ < Kdfj,, (5.7) 
where K is some universal constant. 

Remark 5.1. In contrast with the subsonic case, where ^ > 1, i.e. there is always at least 
one non-trivial finite energy solution on M^, with speed c, namely Oi, appearing in the limiting 
behaviour, here, we may well have ^ = 0. In this situation we have E = fi and p = ly. 

The first observation which paves the way to the proof of Theorem 5.1 is that the elliptic 
estimates derived in Subsection 4.3 lead to the compactness of sequences of solutions, when 
we consider their restrictions to bounded domains. More precisely, as a direct consequence of 
Lemma 4.5, we have 

Lemma 5.1. Let (f ")nGN* be as in Theorem 5.1 or 5.2. There exists a finite energy solution D 
to (TWc) with speed c, and a subsequence of ('(;")„gM still denoted {v^)n^n such that 

ti" ^ d in C^{K), as n ^ +00, 

for any k ^ N, and any compact set K C M^. 
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Proof. Since the family of speeds (cn)„gN is bounded, it follows from Lemma 4.5, that, for any 
fc E N, there exists a constant K{k) such that 

IKWcH-^^) - K{k),yn £ N. 

Hence, it follows from Ascoli's theorem, that, considering for any j G N, the compact balls 
B{0,j), there exists a subsequence (depending possibly on j), and a smooth map 0-' on B(0,j) 
such that 

X)^ in C^(5(0, j)), VA: G N. 

n— >+oo 

Taking the limit in equation (TWc) for u", one verifies that the map D-' solves (TWc), with 
speed c, the limit of the speeds c{v"') as n — > +00. To conclude, we let j — > +00, and we invoke 
a diagonal argument, so that in particular d = D-' does not depend on the ball B{0,j). □ 

Lemma 5.1 does not handle the invariance by translations of the equation, which is a source 
of non-compactness. In particular, if we do not take care of this invariance, the limit v provided 
by Lemma 5.1 might well be equal to a constant, so that there is no hope to have conservation 
of energy and momentum. In order to handle the invariance by translations, we invoke the 
following general result. 

Lemma 5.2. Let £ £ N*, and consider for any n G N*, a family {x^, . . . , x^} of I points in 
. There exist a subset J^o o/{l, . . . a non- decreasing injection a : N ^ N, and sequences 
{i^k)k&i, {Rk)keN and (n(A;))fcgM such that 

1 / 2 \^ 

< Kk < —, Kk ^ 0, as A; — > +00, and 1 < Rk < ( — , V/c G N, 
64 V Kk / 



and such that we have the relations 

Rk 



Ui?(xf"\l)c .U i?(xj("\i?fc), anddist(x,^("),<("))>i^,Vi/iGJoo, 



for any n > n{k). 

Proof. We iterate Lemma 4.12 applied to the family {x", . . . , x^} with values of k going to zero. 
More precisely, we introduce a new parameter m G N which will eventually go to +00 and take 
K of the form 

1 



m + 64 

Starting with m = 0, Lemma 4.12 yields for any n G N, a subset Jq of {1, ...,£}, and a number 
0< i-i'o < (|- I such that 



U 5«,1) C U B{x1,^l'S), and dist(x^x") > ^,Vi ^ j G J^. 

We may extract a subsequence (Tq : N — > N such that J^"*-"'' does not depend on n, so that we 

may denote it Jo, and such that the sequence (/UQ°^"^)neN has a limit which we denote /io- In 
particular, there exists some integer no such that 

U^i?(xr«('^\l) C^.U^i?(xf('^),2/.o), anddist(xr('^\x7('^)) >^,Vi/jG Jo, 
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for any n > uq. We next proceed the same way with the family . . . , a;^°^"^}nGN and ki, 

so that by Lemma 4.12, we find a subset J^"^"^ of {1, ...,£}, and a number < /i" < 



such that 



UB(^xf''\l) C^.U^^^i?(xJ«("\/i^), anddist(x[»("\a;7^")) >^,Vi/jG Jr 



for any n G N. We may extract a new subsequence o"i : N — > N such that, for ai = ai o ctq, 
the set J^^^"^ does not depend on n, so that we may denote it Ji, and such that the sequence 
(fj,i^^'^^)neN has a hmit which we denote fii. In particular, there exists some integer ni such that 



U C U B(xf''\2^,,), and distfx^^^^ > ^^i^j G Ji, 



for any n > rii. We then iterate this argument to construct for any j G N, some non-decreasing 

injection aj : N ^ N, some subset Jj of {!,... some number 1 < jdj < f^j i and some 
integer n^, such that, if we set aj = aj o aj^i, then we have 

UB(xf''\l) C U B(xf''\2f,X anddist(<^("\x^^^"^) >;^,Vi/A;G J„ (5.8) 



for any ?i > nj. We then set for any n £ N, following the usual diagonal argument o"(n) = o"„(n) 
and i?„ = 2 fin. In view of (5.8), we have for this choice 



U^^l^x^'^lj C^.U Bi^x'-y^Rm), anddist(^a;^'^x7"^J >^,Vi/jG J^, 

for any m £ N, and any n > rim- To conclude, we finally extract a subsequence (a(m))mGN 
such that JQ(m) does not depend on m. □ 

In the course of the proof of Theorem 5.1, we will combine Lemma 5.2 with Proposition 
4.2. For that purpose, some decay properties of travelling wave solutions, which we recalled in 
Subsection 2.3, turn out to be central in the arguments. 

Proof of Theorem 5.1. Set e = \/2 — c^, so that we may assume, without loss of generally that 
I < e{v'^) = ■\/2 — c(f")^ — > e, as n — > +oo, and that the energy En{v"') is uniformly bounded by 



2 



some constant Eq. Our starting point is Lemma 4.11, which we apply to with cq = y 2 ^ , 
and 5 > taken as 

V2_ 

-2V2{K{co) + 

where K{co) is the constant appearing in Proposition 4.2. This yields a finite number 1 < £n ^ 



S = So{co) = ini \ ^^^^—^ ,-), (5.9) 



5q) of points x", . . ., x"^ in such that 



<5on r:\U B{x^,l), 
and 

1 - |z;"(x7)| > (5(co),Vl < i < ^n- (5.10) 

Notice that the collection is not empty (i.e. > 1), otherwise the map would be constant, 
in view of Proposition 4.3. Passing possibly to a subsequence, we may assume that the number 
in is independent of n, so that we may denote it i. We next apply Lemma 5.2 to the family 
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{x", . . . ,x^}„gN* . Passing to a further subsequence, there exist a subset J^q of {!,... ,^}, and 
sequences {Kk)km^ {n{k))km and {Rk)keN such that 

1 / 2 \^ 

< Kfc < 777, Kfc ^ 0, as k +00, and 1 < < — , 
64 V ^ 

for any /c G N, and such that we have the relations 

U C U and dist(<("\ > ^,Vi / j G Joo, (5.11) 

for any n > n(A;). We next apply Lemma 5.1 to the sequences of maps (f'"(- +x")),jgN«, for any 
j G Joo, to assert that there exists some finite energy solution with speed c to (TWc) such 
that we have, up to a subsequence, 

?;"(• + x]) in C'"(B(0, i?)), as ?i ^ +oo, (5.12) 

for any R > 0, and any m G N. It follows from (5.10) that 

l-|f,(0)|| >S{co), 

so that Vj is not constant. At this stage, it remains to establish identities (5.5). 
Identity for the limiting energy. We introduce the number /x^ = for any A; G N, as well as 



the exterior set 



Rk \ 



so that /ifc ^ +c« as ^ +oo. In view of relations (5.11), we are in position to apply Proposition 
4.2 to w", with = and k = ^/Kk, which yields 



/ e{vn < if = , o (l),Vn>n(fc), (5.13) 

where K'{cq) is some constant possibly depending on cq. In view of convergence (5.12), and 
since -4= — > +oo, as /c — > +oo, we have for any fixed k, 



liin (Ejv^,B(x],J^)))=EL,,B(o,J^))=E{t^,)+ o (1). (5.14) 



Combining (5.13) and (5.14), we deduce that 

liin {e^{v-)\ = ^Eix>,)+ o (1). 

Identity for the limiting momentum. Let r > be such that that \t>j\ > ^ on \ 5(0, r), for 
any j G Joo, so that in particular we may write Dj = qj exp on \S(0, r). Let < x !^ 1 be 
a smooth function with compact support on such that x = 1 on B{0, r). In view of Lemma 
2.4, we have 

Pj = Pi'^j) = Pi^j) = \j^^ ({idi\}j,t>j) + di (il - x)v^i)) • 
Since the integrand is integrable on M^, and since = — > +oo, as /c — > +oo, we have 



P(fi) =Pfc(Oj) + , o (1), (5.15) 

K— >+00 
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where we have set 

Pk{^j) = 7; I i'i'di^j^^j) + ir~ I (pj{x)xidx. 

^ ■JB{0,rk) ^"^k JdB{0,rk) 

We now go back to the sequence {v^)n£N*- Using Lemma 4.2, we may write = g'^expiip^ on 
the set On{2Rk) = \ . U 2i?fc) in dimension three for any n > n[k). The existence of 

such a hfting in the two-dimensional case is more involved. Using (5.13), we can invoke Corollary 
4.1 to write -y" = g"-expiip"' on the set On{2nk) = \ U B{x^,2fik), so that, since does 

not vanish on each annulus B{x'j,2fik) \ -S(xj,2i?fc), we may also write v'^ = g'^expiip'^ on the 
set On{2Rk) in dimension two. In particular, {idiv'^,v^) = — (^"')^(9i(^" for any n > n[k), so 
that, since Uk is included in On{2Rk), we have 

/ (iaiO",0") = - /" {g^fdi^^= [ (l-{g-f)d,ip^+y^ - [ ^,{x)xidx. 
JUk JUt JUk ^ ^ f—r ^fc JdB(x",rk) 



It follows that 



where we have set 



PnK) = J2 + 11 (l - (5-16) 



= 1 f {idiv^,v^) + ^ [ ip^{x)xidx. 

We deduce from convergence (5.12) that, for any fixed fc, we have 

Vj,k{v'') Pki^j), as n +00. (5.17) 
On the other hand, we have by Lemma 2.3 and inequality (5.13), 

/ (l-ign%^- <2V2 [ e{vn<^Pf^=o (1). (5.18) 
Juk^ ' Juk |ln(Kfc)|e^ fc^+oo 

Combining (5.15), (5.16), (5.17) and (5.18), we obtain 

liin ipniv'^)] = ^'('^i)' 

so that the proof is complete. □ 

Proof of Theorem 5.2. The beginning of the proof is identical to the proof of Theorem 5.1 above, 
with the exception of one major difference: whereas the choice of 5 (when applying Lemma 
4.11) is given in the proof of Theorem 5.1 by (5.9) (which would yield in the sonic case), here 
we use the parameter 5 which is provided in the statement of Theorem 5.2. Another difference 
concerns the integer it might be equal to 0, and at this stage is bounded by a number possibly 
depending on 5. All the arguments and estimates extend to the sonic case, except estimates 
(5.13) for the integral of the energy density on li^, and estimate (5.18) for the momentum on Uk- 
Since the total energy is bounded, passing possibly to a further subsequence, we may assume 
that there exists some number < < E such that 

e(f"') — > as n — > +oo. (5.19) 



64 



Combining (5.19) with (5.14), we deduce the first equahty in (5.6). For the second equahty, 
using Lemma 4.2, we may write = g'^expiip"' on the set 0„(2i?fc), and passing possibly to 
another subsequence, we may assume similarly that, for some number i/ € M, we have 

1 



(l - {g^'d,^-) 



u, as n — > +00, 



(5.20) 



so that combining (5.20) with (5.15), (5.16) and (5.17), we deduce the identity for the limiting 
momentum in (5.6). For inequality (5.7), we invoke inequality(4.47) in Proposition 4.2 which 
yields 



\/2/ 
2 V 



1 



(i?")2)ai99"-e(t;") 



< A'(co: 



5 I e(7;") + o (1) 



which yields the desired conclusion, taking the limit n — > +oo. Finally, in order to see that the 
number i may be bounded independently of 6, we invoke Lemma 2.14. Indeed, each function 
Vj is a non-trivial finite energy solution to (TWc) on M^, so that by Lemma 2.14, E{iij) > £q. 
Hence, 

e 

so that £ < io = is bounded independently of 5. □ 



6 Properties of E^-^^^{p) and u. 



In this section, we provide the proofs of Propositions 2 and 4. We also show that E^^^{p) 
converges to i?min(p) as n — > -|-cxd. 



6.1 Proof of Proposition 2 

The first task is to establish the existence of a minimizer for ('P^(p)). For that purpose, we 
consider a minimizing sequence {wk)keN for {'Pn (P))- Since En{wk) is uniformly bounded with 
respect to k, {wk)k&i is bounded in //-"^(T^), so that, passing possibly to a subsequence, we may 
assume that 

Wk Up in H^{T^), ask^ +oo, (6.1) 
By weak lower semi-continuity and Rellich's compactness theorem, we 



for some u"^ G H^{T^) 
infer that 



En{u;) < limmf{Eniwk)) = Kin(p), 



and 



PniK) 



lim 

k—*+OD 



{iwk,diWk] 



(6.2) 



(6.3) 



2 /fN" 

The sequel of the proof is different according to the dimension. The two-dimensional case is 
substantially more difficult due to the topological constraint on the test functions. 

Case 1. N = 3. Since Up belongs to ri^(p) by (6.3), it is a minimizer for {V^{p)), so that the 
Lagrange multiplier rule implies that 

dEniu;)=c;dpn{u;), 

The previous equality is precisely the weak formulation for the equation 
ic^diu; + Au; + n^(l - |n^|2) = on T^, 



for some Cp G 



whose finite energy solutions are smooth by standard elliptic theory. 
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Case 2. N = 2. In order to prove that is a minimizer for ('P^(p)), it remains to verify in 
view of (6.2) and (6.3), that 

u; G 5°, (6.4) 

a difficulty which was not present in the three-dimensional case. To prove (6.4), we are going 
to show that a suitable choice of the minimizing sequence yields strong converge to u^. This 
will yield the conclusion in view of the closeness of Ci En, a for any fixed A. The main tool is 
Ekeland's variational principle. 

Indeed, we consider some number A such that A > £'niin(p)- Using Corollary 3.1, there exists 
some integer n(A) such that E^:^^{p) < A for any n > n(A). In particular, using Ekeland's 
variational principle (see [12]), we can construct a minimizing sequence {wk)keN for ('P^(p)) 
such that 

E^M<En{wk)<A,yken, (6.5) 



and 

Eniwk) - En{w) < ^\\wk - w\\HiiT2j,yw G Tl{p),yk G N*. (6.6) 

Letting 6 > 0, and tp G -ff^(T^), and invoking Theorem 4.1 and (6.5), the function Wk — ^V' 
belongs to -En, a H 5,^ for any 6 sufficiently small, and any n sufficiently large. Moreover, 

Pniwk - (5^) = Pn{wk) -S {idiWk,il^) + S'^pniip) ^ p, as (5 ^ 0, 



so that the function Zk^s = {wl-5i>) ('^>'~^'^'^ belongs to r^(p) for 6 sufficiently small. Setting 
w = Zk^s in inequality (6.6), and taking the limit (5 — > after dividing by 6, we are led to 



Xkdpn{wk){ip) - dEn{wk){'4>) < ^ 



Wk - ip 



where = ^dEn{wk){wk). By (6.5), this gives 

\kdpn{Wk){'ilj) - dEn{Wk){ll^) < — ^ 

where K[K) is some constant only depending on A. In particular, choosing ij: = tip, we are led 
to 

Xkdpniwk)iu^) - dEniwk){up) -^0, as k ^ +oo. 
On the other hand, it follows from (6.1) that 

dpniwk)iup) 2p„(tip) = 2p, as k ^ +oo. 



and 



so that 



dEniwk)iu;) ^ (\Vu;\^ - \u;\\l - In^p)), as k ^ +00, 



^k^iz I |Vn^|2 - \u;\\l - |n^|2) , as A: ^ +oo. 



1 

Hence, using (6.1) and Rellich's compactness theorem, we have 

/ \Vwkf ^2p hm {Xk)+ [ \u;\\l-\u;\')= [ \Vu 



pl^, as A; ^ +00, 
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which proves the strong i?^-convergence of the sequence {'Wk)kGN towards Up. In particular, since 
En,A n is closed by Theorem 4.1, Up belongs to 5^, so that Up is a minimizer for (P^(p)). 
Moreover, the set {u G H^{Tl), s.t. < A} n 5° is open by Theorem 4.1, so that the 

Lagrange multiplier rule implies that 

id^diu"; + An^ + n^(l - = on T^, 

for some Cp G M. Hence, Up is also smooth in the two-dimensional case. 

We finally turn to (1.23) and (1.24) to complete the proof of Proposition 2. We first notice 
that, by Corollary (3.1), 

limsup (^S.in(p)) < ^mm(p),Vp > 0, 
n— >+oo ^ ^ 

SO that 

liminf(s(up) >H(p). 

In particular, if H(p) > 0, it follows that there exists some integer n(p), and some number Sq > 
such that 

E(up> Eo,Vn>n(p). 
Invoking Theorem 4.2, we obtain (1.23), whereas (1.24) follows from Lemma 4.5. 

6.2 Proof of Proposition 4 

By Proposition 2, for given p > 0, the sequence (tip )neN* is a sequence of finite energy solutions of 
(TWc), with uniformly bounded energy, and such that {c{up))neN* is bounded. By Proposition 
3, it converges up to a subsequence towards a non-trivial finite energy solution Up to (TWc) on 
of speed c, which satisfies in particular diUp 7^ 0. Hence, in view of convergence (1.28) of 
Proposition 3, we have 

Cp = c(up) c, as n +00. 
Moreover, we deduce from the results of [19] that 

< c < \/2. 

On the other hand, we may assume up to another subsequence that 

-^(^^p) = ^min(p) ^ limsup (^Siin(p)) , as n ^ +00. 

n— >+oo ^ ^ 

We next distinguish two cases. 

Case 1. < c < \/2. In this case, we may apply directly Theorem 5.1 to the sequence (up)„eN*- 
This yields (1.29), (1.30) as weh as 

e £ 
p = Y,Pi^ and limsup fcjp)) =Y,E{ui). (6.7) 

. , n— >+oo ^ ' . ^ 

Moreover, since c > 0, it follows from Lemma 2.5 that p^ = "piuj) > 0. In view of the definition of 
Emin, we have E{ui) > £'min(pi); whereas by Corollary 3.1, we have limsup(£^^jn(p)) < i?min(p); 

n— ++00 

SO that identity (6.7) yields 

i 

X]-^min(pi) < £^mm(p). 

i=l 
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Comparing with inequality (1-18) of Corollary 1, which is precisely the reverse inequality, we 
deduce that all inequalities actually have to be identities, that is 

E{ui) = E^iniPi), and limsup (^^^^^(p)) = E^inip), 

n—*+cx) ^ ^ 

and the proof is complete in the considered case. 

Case 2. c = \/2. We are going to show that this case is excluded, so that Case 1 always holds. 
For that purpose, we apply Theorem 5.2 instead of Theorem 5.1 to the sequence {up)n^N*, with 
a parameter 5 > to be determined later. It yields a number £ > 1 of finite energy solutions Ui 
of speed \/2 on M^, and numbers jJ. > 0, and > such that 

\H- V2u\ < K6fi, (6.8) 

where K is some universal constant, 



p = p' + z^, where p' = ^p(ni) = ^pi, (6.9) 

and 



i=l 1=1 



n—*-\-co 

Invoking as above Corollary 3.1, we are led to 



limsup (e^^^M) = ^E{ui) + 



i=l 



^ ErniniPi) + fJ- < -Emin(p)- 
i=l 

In view of Corollary 2.3, we have S(uj) < 0, so that E(ui) > \/2pi- Combining with (6.8) and 
(6.9), we obtain 



V2p = \/2('^Pi + i/') <E^^{p){l + K5), 
^ i=i ' 



that is 

S(p) < iC<5S„,in(p). 

Since b was arbitrary, we may let it go to zero, so that H(p) < 0, which is a contradiction with 
assumption (1.27), and completes the proof of Proposition 4. 

Remark 6.1. In the course of the proof, we have proved the identity 

limsup (^"(np) = limsup {El,,^{p)) = K,in(p). 

n— >+oo n— >+oo 



7 Proof of the main theorems 
7.1 Proof of Theorem 5 

If p > po, it follows from Theorem 4 that H(p) > 0, so that Propositions 3 and 4 apply. In 
particular, it follows from Proposition 4 that there exist some integer ^ > 1, and some positive 
numbers pi, . . ., p^ such that -E'min(p«) is achieved by some map Uj for any i G {1, . . . , ^}, with 

p = ^pi, and £;mm(p) = X]^™n(pi)- (7-1) 

i=l %=1 
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We claim that 

i = l. (7.2) 

Indeed, assume by contradiction that i >2. Then, it foUows from Corohary 1 that -Emin is hnear 
on the interval (0,p). By Lemma 2, we deduce that £"111111(1) is not achieved for any < q < p. 
This contradicts the fact that -Emm (pi) is achieved by Ui, for any i £ {!,...,£}, and establishes 
therefore (7.2). 

Going back to (7.1), we have 

P = Pl= P{ui), and £min(p) = £min(pl) = E{ui). 

This shows that £'min(p) is achieved by the map ui = Up, which belongs to l^(R^), up to a 
multiplication by a constant of modulus one, by Corollary 2.2. 



7.2 The two-dimensional case: proof of Theorem 1 and Proposition 1 

In this section, we provide the proof of the main results in dimension two, namely the proofs to 
Theorem 1 and Proposition 1. 

Proof of Theorem 1. In view of Theorem 5, it is sufficient to show that 

po = if iV = 2. 

Going back to the definition of po and the properties stated in Theorem 4, this is equivalent to 
show that 

H(p) > 0, Vp > 0. (7.3) 

Since the function S is non-decreasing, it is sufficient to check that property for p sufficiently 
small. By Lemma 3.9, we have for any p sufficiently small, 

Hmin(p)>^P^-/^0P^ (7.4) 
^KP 

which yields (7.3), then the desired conclusion. □ 
Proof of Proposition 1. We divide the proof into several steps. 

Step 1. There exists pi > such that, i/0 < p < pi, and u is a finite energy solution to (TWc) 
on such that p{u) = p, and E{u) = -E'min(p); then 

\u{x)\ > ^, Vx G 

This is a consequence of inequality (2.9) of Lemma 2.2, and the facts that < c < \/2, and 
£min(p) < \/2p. 

Step 2. //O < p < pi, and u is a finite energy solution to (TWc) on such that p{u) = p and 
E{u) = £min(p), then 

K2P < eiu) < K3P, 

where K2 > and are some universal constant. In particular, (1.13) is established. 

The second inequality follows from Step 1, Lemma 2.12, and the fact that -Emin(p) ^ V^p- 
For the first one, we invoke equality (2.17) for a minimizer Up, which yields in particular, 

H(p) = S(np) < ^pK) = ^P. (7.5) 
The conclusion follows using (7.4). 
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Step 3. Proof of inequality (1.12). 

The lower bound for H in inequality (1.12) is provided by Lemma 3.9. Concerning the upper 
bound, we invoke inequality (7.5) and Step 2 to obtain 

H(p) < Kp\ 

Step 4. Proof of inequality (1.14). 

Combining inequality (2.17) with Step 1 and Step 2, we obtain 

/ \d2Up\^ < [ \d2Up\^ + E{p) < Keiupfp < Kp\ 

whereas Lemma 2.10 yields a similar estimate for the two other terms on the l.h.s of (1.14). 

Step 5. Proof of inequality (1.15). 

In view of the invariance by translation, we may assume without loss of generality that the 
infimum of |np| is achieved at the point 0, that is 

|np(0)| = min|wp(2;)|. 



Inequality (1.15) is then a consequence of (1.22) for v = Up, and (7.5). □ 

7.3 The three dimensional case: proof of Theorem 2 
Lemma 7.1. Let N = 3. We have 

P„ > ^. (7.6) 

where £q > is the constant provided in Lemma 2.14- 

Proof. Assume by contradiction that Po < Then, by Theorem 5, -E'min(p) is achieved for any 
p > poi by some map Up. On the other hand, £'min(p) < \/2p, so that if po < p < then 

E{up) < £o, 

whereas, in view of Lemma 2.14, there is no finite energy solution to (TWc) with energy smaller 
than £q. This gives a contradiction. □ 

Lemma 7.2. Given any p > pQ, let Up be a minimizer o/ -E'mm(^^p) given by Theorem 5. Then, 
there exists a function Up^ G W{M.^) such that Up — > Up^ in C^^{M.^), as p ^ po, withp{up^) = po, 
and E{upfj) = \/2po- In particular, -Emin(po) is achieved. 

Proof. We first notice that it follows from Theorem 4 and Corollary 2.4 that, there exists a 
universal constant K > 0, such that, for any p > po, we have 

K 

111 - |np|||i^(iR3) > - — ——>K. (7.7) 

Without loss of generality, we may assume, in view of the invariance by translation, that 

|np(0)| = inf \up{x)\, 

so that it follows from (7.7) that 

< 1 - A' < 1. 
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Arguing as in the proof of Proposition 3, there exists a non-trivial finite energy solution ui to 
(TWc) with c = limsup(c(p)) , such that, passing possibly to a subsequence, we have 

Up ui in C^{K), as p ^ po, 

for any compact set K in M^, and any A; G N. Moreover, we have 

E{ui) = liminf(£;(up)) = ^mm(po) = V2po, and 1^1(0)1 < 1 - < 1, 
P-^Po 

so that ui is non-trivial. Assuming first that c = ^/2, we next apply Theorem 5.2 to the 
sequence (tip)p>po, with a parameter 5 > to be determined later. Indeed, following the lines 
of the proofs of Theorems 5.1 and 5.2, we may verify that their statements remain valid for any 
sequence {v'^)n&i of finite energy solutions to (TWcn) on MJ^ satisfying (5.1). Hence, there exist 
a number ^ > 1 of finite energy solutions Uj of (TWc) on R'^, and numbers /i > and > 
such that 

l/i — ^f2v\ < K5^t, 
Po = P' + V, 

(. i 
where p' = ^p{ui) = X]pi, and 

i=l 4=1 

i 

V2p0 = -Bmin(po) = Yl + ^' 

1=1 

so that, by Theorem 4, 

t 

EminiPo -T^)= V2{po - i^) = -Emin(po) " V2iy > ^ E{ui) - K6fl. 

i=l 

In view of inequality (1.18) of Corollary 1, we deduce that 

E{ui) < ^min(Pi) + K6fl < V2pi + K6E,nin{po)- 
Taking i = 1 and letting 5 ^0, we deduce that 

S(ui) > 0. 

It then follows from Corollary 2.3 that 

c = limsup (c(up)) < \/2, 
p-^Po 

which gives a contradiction. Hence, we may assume that c < \/2, and apply Theorem 5.1 to the 
sequence (np)p>pQ. We then conclude as in the proof of Theorem 5 that i = 1, p{ui) = po, and 

^min(po) = E{ui). □ 

Proof of Theorem 2 completed. It follows from Lemma 7.1 that po is not equal to zero, from 
Theorem 5 that -E'min(p) is achieved for p > po, and from Lemma 7.2, that £'min(po) is achieved, 
with £'min(po) = V^Po- In view of Theorem 4, £^min is affine on (0, po), so that it is not achieved 
on (0,po) by Lemma 2. Hence, statements i) and ii) of Theorem 2 hold, such as statement 
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iii), which follows from Lemma 2.14 and (7.6). Finally, statement iv) results from Lemma 2.16. 
Lideed, this yields that any minimizer np,j of -E'min(po) = -^^(^po) = V^Po, satisfies 

Po 

for some universal constants a and K, so that c{upg) < ^/2, and the conclusion follows using 
the monotonicity properties of the function p ^ c{up). □ 
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